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1. BBenenmne

JlarHOE TIOCOOME MOCBSAIIEHO PA3JIUIHBIM TeMaM, CBSI3aHHBIM C PACCMOTPEHUEM MPOCTHIX YUCET
U OCTATKOB CTeIeHel HATYPAJbHBIX YUCeT TO PAa3JIUuIHBIM MOAYIaM. [loMrMo Ki1accmaecKux Mamoi
teopembl Pepma u TeopeMbl Ditiepa, a Takke TeopeMmbl EBKINIa 0 OECKOHETHOCTH MHOZKECTBA, IPO-
CTHIX YUCEJI, B OJIUMIIAAIHON JUTEPATypPe 3a9aCTYI0 OTCYTCTBYIOT KaKne-anbo uHbIe CriocoObl paboTh!
¢ TaKWMU 3amadamMu. MexKy TeMm, B 3aJadaX BBICOKOI'O YPOBHd 3THX (PAKTOB yrKe He XBaTaeT, U B
pe3ysIbTaTe MIKOJIBHUKH, He 3Has 3apaHee HYYKHBIX METOJIOB, BBIHYKIEHBI W300peTaTh WX Ha XOHY,
XOTsl OBLTO OBl JOCTATOYHO COCJATHCS HA TOTOBOE YTBEPK/ICHUE.

B srom nocobum pazobpanbl Takme majiom3BecTHbie Tembl. C OMHOI CTOPOHBI, KaXK1asl U3 HHUX
BBITJISIIAT JIOCTATOYHO CJIOZKHO JIJIs1 OCBOeHNUs (HAapuMep, B HEKOTOPBIX TpebyoTcs 6urom HproToHa
U KOMILIEKCHBIE ducIa, jJemMa Laycca u agroputm Eskinna). Ho ¢ apyroii, morpaTtus HEKOTOpOE
BpeMsl H pa300paBIIUCh B TEOPETUYECKUX ACTEKTaX, MOKHO TPEBPATUTH MPOIECC PEIeHHusd TarKe
OYeHDb CJIOXKHBIX 33/1a9 B YKOHTJIMPOBAaHWE 3arOTOBJIEHHBIMU (PAKTAMH, KOTOPBIE TMO3BOJISIOT PelaTh
3asiaan ypoBusa MezKIyHapo HOH MaTeMaTHIeCKOH OJIMMITHA/IbI, IPOCTO HOCIE0BATEIHHO CChLIASACDH
Ha 2-3 U3BeCTHBLIX (haKTa.

Cpenn HanboJIee BaXKHBIX METOJOB U TOHATHIT, TIO3BOJISIIOIIINX PAOOTATH CO CTETEHSIMH HATYPaJIb-
HBIX YUCEJ, Mbl BBIJIeJIsIeM IPeZKe BCero cjaemayrolne:
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Paznen 2. Ilpocreie jgennren

e OECKOHETHOCTh MHOYKECTB MPOCTHIX JeIUTeNel duces CrennaabHOrO BUIA;
® TOPSIIOK YHUC/IA IO MOJIYJIIO;

e LTE-nemma;

e 11epBOOOpa3HbIe KOPHU;

® KPYTI'OBbl€ MHOT'OYJICHB;

e TeopeMa 3UTMOH/IH.

Mpr mocJieioBaTe IbHO TPpOPadOTaeM ITH TEMbI, JaB HeOOXOIUMBbIE JI/Id PEIIeHud 3334 TeOPeTH-
YecKue CBeJIeHNd, a TaKzKe IpUBeIs B KOHIIE TOJpOOHBIE pelleHns Beex 3a1ad. Kpome Toro, yIuThi-
Basl pa3zHooOpa3ne KOHCTPYKIMHA, UCHOJAb3YIONIUXCS IPU padoTe C JIAHHBIMUA METOJaMU, UX OCBOECHHE
MOJIE3HO U JIJIsi TPEHUPOBKHU TPUMEHEHHUS CTaHIAPTHLIX ajarebpanydeckux (paKTOB, METOIOB U MPeod-
pa3oBaHnii.

2. lIpocThie peautenn

MbI HaYHEM HAIII IIYTh C TAKOT'O, KA3aJ0Ch ObI, IIPOCTOTO BOIIPOCA, KaK OECKOHEYHOCTD MHOZKECTBA
HPOCTHIX JeauTesefl duces onpejaeseHHoro suga. OKa3piBaeTcs, YTO BO MHOTHX 3aJa4ax I0JI0O6HOIO
THIA €CTh HEKOTOPast 00Iast H1e0JI0T U, IPOCTAEIUB KOTOPYIO, MOYKHO HAY YUTHCS PEIIATh JaKe 0UeHb
TPY/HBIE HA TEPBBIN B3TJIS)l TPUMEPHI.

1. (reopema EBkima) [Tpocteix dncen 6€CKOHEYHO MHOTO.
HecMmoTpsa Ha KaxKyILyiocs IPOCTOTY T0KA3aTeIbCTBa 3TOM TeOPEMBI, B Heli eCTh HECKOIBLKO Heoue-

BHJTHBIX COOOPaXKeHUi, KOTOPBIE MOJIe3HO 3a(pUKCUPOBATD /I JAJbHEHRIITNX HY K.

e [IpocThle unc/ia gBIAI0TCA O0JIee CI0KHBIM O0BEKTOM, HeXKeI Yuc/Ia HaTypabHbie. B anreo-
pandeckux (1 He TOJIbKO) 3a/a4ax M0JIE3HO CTAPTOBATH € CAMOM CJOXKHO 9aCcTH yCJIOBUsL: Pa30-
OpaBIKCh C HEll, CKOpee BCero, yIacTcsa CePhe3HO MPOJBUHYTHCS U BO BceM perennn. [loaromy
B KaueCTBE CTAPTOBOTO OOBEKTA TOJIE3HO (DUKCUPOBATHL NPOCMbLE YUCAG, & HE HAMYPAALHDLE.
MpsI 110 npocmomy “wucay CTPOUM HaMypasvbhoe, obaaaolee HyKHBIM HaM CBOHCTBOM, a He
UIleM HaTypaJIbHOE YHUCJI0, UMeoIlee HYKHBII HaM TPOCTOM JIeTUTENb.

e YacTo 6€CKOHEUYHOCTH KAKOro-TH00 MHOYKECTBA IIPOCTBIX YucCeJ IIOJIE3HO JOKa3bIBaTh OT IIPO-
TUBHOI'O, IIpeJaIoJarasd ero KOHe4YHOCTb U CTPpOd HOBOE IIPOCTOE YHCJIO.

® ZL.HH TOCTPpOEHUd HOBOT'O IIPOCTOIO YHUCJ/Ia ITOJE3HO MEPEMHOXKATDL Y2Ke UMEIOITUeCcd IMpOoCThIe.

Jlepxka B yme 3Tu cOOOparkeHus, JaBaiTe MOMPOOYeM CIIPABATHCS ¢ OCTAJBHBIMU 33 aUaMU.
2. Jlokaxkure, 4TO CyIIECTBYET OECKOHEYHO MHOIO HPOCTBIX uuces Buje 4k + 1, e k € N.

3. Cymecrsyer jin 2019 noc/e0BaTe/IbHBIX HATYPAJBHBIX YHCEI, CPEJIU KOTOPBIX €CTh B TOYHOCTH
10 mpocTeix?

4. [ycrs f € Z]x] — nesogucaeHHbii MHOTOYJIeH cTenern > 1, 1 P — MHOKECTBO IPOCTHIX JeuTeeil
ances Buga f(n), tae n € N. Jlokaxure, 9r0 MHO)KecTBO P Beerja GeCKOHEYHO.

5. [Tycrs f € Z[x] — nenounciaeHubiii MHOrOUIEH, Takoii, uro f(n) > 1 misg Bcex HATYDATbHBIX N, a
p(n) — wamboapImuii mpocToil geauresb ancaa f(n). Jokaxkure, 910 cyiecTByer 66CKOHEYHO MHOTO



Paznen 3. Ilopsiiok 4qwucia 1mo MOJLYJTIO

n, Takux, 9ro p(n + 1) > p(n).

6. I[Iyctb @ > b > 1 — Harypa/bHble 9ncjia U P — MHOXKECTBO BCEX MPOCTHIX JEJTUTENeH Yuce BUJIa
a™ + b". JlokaxkuTte, 9TO MHOXKECTBO PP GECKOHEYHO.

Samevwanue 1. Ha camom jmese BepHO ropasiao 0osee CUIbHOE YTBEDXKJICHUE: B3B /100410 HOBYIO
CTeIeHb, MOYKHO TOJYUIUTh HO6W( npocmotl deaumens dauciaa a™ + b" (3a UCKIOUeHTeM HECKOJIbKHX
CJIYYAEB, KOTOPBle KOHKPETHO OMUCHLIBAIOTCs ). COOTBETCTBYIONIEE YTBEPIK/IEHIE HAZBIBACTCS MEOpe-
MOT Buzmondu, u JIjisl JOKA3aTeIbCTBA HAM IMOTPEOYEeTCs TOBOJBLHO MOITHAST TeXHWKA. Mbl 00Cy1um
3TY TeopeMy TO3/Hee.

7. llycre G # Z) — noarpyuna o0paTuMbIX 9JI€MEHTOB [0 HATYPAJbHOMY MO0 n. Torma Muoxke-
CTBO TPOCTBIX YUCEJ, OCTATKN OT JIeJIeHNs KOTOPBIX Ha N He npunajyiexkar rpymne G, 6eckoneuno. B
9aCTHOCTH, TPOCTHIX YHCE], He TIPeICTABUMbBIX B Buje nk—+1, 6ecKoHeYHO MHOTO (HATpPUMED, MPOCTHIX
suga 4k — 1 wnn 6k — 1).

8. [lyctp 2 < a,b < 100 — nBa HATYpATBHBIX YHcaa. /JOKayKuTe, ITO CYIIECTBYET TAKOe HATYPAJTBHOE

on | gom
n, 9TO YHCJIO a° —+ b° cocTaBHOe.

9. [ycre p(n) — mauboabmuil mpocToil gesutens ancaa n? + 1. JJokakure, 9To CyIecTByeT GecKo-
HEYHO MHOTO Tpoek (a, b, ¢), Takux, ato p(a) = p(b) = p(c).

10. [okazkure, 4TO CYIIECTBYET GECKOHEYHO MHOIO HATYPAJIbHBIX N, TAKUX, YTO HAMOOJIBIIAN mPO-
cToit gemurens aucta n? + 1 6oaprme
a) 2n

6) 2n + v/2n.

11. Tycrb p(n) — Hanbosbimuii IPOCTOii JeauTes b Yucia n. JJokakuTe, 9To CymecTByer 6eCKOHeTHO
MHOI'O HATYPAJbHBIX 1, TakuX, 4T0 p(n) < p(n + 1) < p(n + 2).

12. Tlycrb p(n) — wanboswinuii TpocToii Aeaurenp qnciaa n (takxe nomoxum p(£1) = 1 u p(0) =
o0). Haiitn Bee meouncsiennsie Muorownensl f € Z[r], takue, aro muozkectso {p(f(n?)) — 2n},so
OTPAHUIEHO CBEPXY.

3. Ilopsgaok umucja Mo MOIYJIIO

B sToMm pazzene Mbl pacCMOTPUM KPACUBYIO KOHCTPYKIMIO, KOTOPAs 110 CYIIECTBY SIBIAETCS aJlh-
repraTuBHON (popmoii 3anucu masioit reopembl Pepma u Teopembr Jitiepa. OHAKO HHOTIA OBIBAIOT
CUTyanuH, Korjaa Tpebyercs MMeHHO Takas (popMa 3alucu, IMO3TOMY HYZKHO 3HATH €€ M yMeTh IIPH-
MEHSITh.

HanomH#M, 9TO nopsAdkom “ucaa a no modyato m HA3BIBAETCI TAKOE HAUMEHbUWEE HATYPATHHOE
T, uro a’ =1 (mod m).

B gem 3akirouaercs anprepHaTuBHas popMa 3amucu Masoit reopembl Pepma u Teopembl ditaepa’?
Hanomuum, aro masas reopema Pepma 3ByUUT TaK: CIH P — IPOCTOE TUCJIO, @ — IEJI0€, TAKOE, Y4TO
pta, toa”~! =1 (mod p). B ciyuae, ecin BMECTO IIPOCTOrO YHC/Ia PACCMATPUBACTCs TPOU3BOIBHOE
HATypaJbHOe 1M, MoJydaeTcd TeopeMa Ditaepa: ecan (a,m) = 1, To a?™ = 1 (mod m), rae ¢ —
Pynryus IMsepa, craBaiasg B COOTBETCTBHE HATYPAJBHOMY YHCIY M KOJHUYECTBO YUCE], MEHBITHX
M W B3aUMHO HPOCTBIX € HUM (MJIM, HHAYE TOBOPsl, KOJIMYECTBO OOPATUMBIX 3JIEMEHTOB [0 MOJLYJIIO 1
o(m) = |Z7,]). Jns erauciaenus: dbyHkipn Jiirepa HY:KHO HOMHATH, 9TO OHA MYJIBTHIINKATHBHA,
T.e. ecu (m, k) = 1, to p(mk) = @(m) - o(k), u aro p(p*) = p*~1(p —1).

CMbICT TpUMeHeHrsl TTOpsi/IKa 9UCIa 3aKJI0Yaercd B caenyionieM Hadaogenun: 1 | ¢(m) (win
T | p— 1, ecmu Momyab mpoct). TakuM 06pa3oM, ITO TOHSTHE MO3BOJSIET YCUIUTH MAJIYIO TEOPEMY



Pazner 4. LTE-nemmva

Depma (mm Teopemy Ditrepa), n3BJIeKas W3 Hee JMONOJTHUTEIHHYI0 HWHMOPMAINIO, KOTOPYIO 3aTeM
yJaercs OpUMeHHTb. [103ToMy pelieHdss MHOTHX 3a/a4 IOJIe3HO HAYMHATH CO CJEAYIONHUX XOIOB.
Ilepenumiem yciopue 3a1aun B Buje a® = 1 (mod p) (31ech HYKHO IpaBUILHO BHIOpATh uncIa a, k
1 p) 1 paccMorpum nopsiok 1’ umcna a no moayiio p. Torga T' | k (1.k. T — HaumMeHbIIasi CTEHEHD,
natormas 1) u T | p—1 (no masoit reopeme @epma). lasbine uayT paccyK/eHusi, CBsS3aHHbIe HMEHHO
C JeJIMMOCTSAMM, KaK TIPABUIO, 6€3 NPUBJICYEHNS CTEIeHeid.

13. Jlokaxkurte, 94TO ecad p — mpocToe, To y ducaa 2P — 1 Bce mpocThie JletuTessn O0JIbIle p.

14. J/TokazkuTe, 9TO €CJU p — NPOCTOe, TO JI000I mpocroit aeurens uncia 2P — 1 umeer Bujt 2kp + 1
JIJIT HEKOTOPOTO HATYPAJIbHOTO K.

15. a) [Tycth p — HedeTHbIi npocToil Aenuress ncaa a® + 1. JTokawure, uro 2" |p — 1.

n
6) JlokazuTe, 4To Bee mpocThle geauTesn ducen Pepma 22° + 1 umeror pug 2" -z + 1.
16. /lokaxkure, 4TO J/isd JIOOOr0 HATYPAJIBLHOTO n 9ucsao 2" — 1 He jeaurcd Ha n.

17. CymiectByer i HAGOP HATYDATBHBIX YUCET (N1, . . ., Ny ), TAKOH, 9TO N; | 2™+ — 1 ms Beex ¢ = 1,
., k (MBI cauTaeM, 9410 Ny = nq)?

18. a) U3BecTHO, 94TO p # 2, ¢, r — MPOCTHIe YncIa, Takue, 9to p|q”+ 1. okaxure, aro auto 2r|p—1,
mbo pl¢* — 1.
6) Haitsmre Bce Tpoiiku npocreix wucen (p, q,r), Takue, aro p|¢” + 1, q|r? + 1, r|p? + 1.

19. HaiiTir Bce mapsl mpocThIX dncen (p;q), Takux, 910 pg|(5P — 2P) (59 — 29).

20. HaiiTu Bce mapbl MPOCTHIX YHCE P, ¢, TAKUX, 9TO pq|2P + 29.

4. LTE-nemMma

[Tpu pemenun HOCJEIHEN0 HOMEPA M3 UPEJAbIILYIIEIO Pasje]a HAaM IPULLIOCHh PACCMATPUBATH
MaKCUMAaJIbHYIO CTEITeHb BXOXKJIEHUA YuCjaa 2 B pasjoxkennd ynceda p — 1 m ¢ — 1 Ha mpocTeie co-
muozkuTe . OKa3plBaeTcda, 94TO UAed PACCMOTPEHUs CTEIICHU BXOXKICHUS JAHHOTO MPOCTOrO YUCJIA
P B TY WIH MHYIO KOMOMHAIIMIO CTelleHeil ABJIAeTCS OJHUM M3 OCHOBHBIX HHCTPYMEHTOB pPabOTHI C
HuMEu. B sTOM passese Mbl IPHIAIUM YETKAN CMBICJ 3THM CJI0BAM U JIOKAXKEeM BasKHYIO TEOPEMY,
HO3BOJIIONIYI0 PEATH30BLIBATE ITY WICIO HA MPAKTUKE.

JI71s1 mpOoCTOro Ymesia p U HeIoro HeHyJIeBoro duca © 0b6o3nadnm depes ||z, nanbosburyio crenens
P, HA KOTOPYIO JICJTUTCA I

|z, =a < p*z, p*T i

B sroMm ciaydae Takzke HCMOJb3yeTcst obo3Hadenue p®||x. Hamomuwmm, uro corsmacHo dopmye Jle-

JKaHIPa,
= 5]+ |52) + 5] +
Polp p? P

k
ICH, > lInll, - pEE

21. Jlokaxkurte, 9TO

22. [lyctb n HewerHo u 3%||n. Jokaxure, ato 3*H |27 + 1.

DTa 3ala9a sABASETCS YaCTHBIM CJIydaeM TaK Ha3bIBAEMOU JAeMMbL 0 Audmunee, WX AeMMbL 00
ymounenuu nokazameas (B opuruuane — Lifting The Exponent Lemma, cokpamentno LTE),
KOTOpas 4acTo (pUTIypUPYeT B OJUMIHUAHBIX 33/a4ax [0 TeOPUU TUCE.



Pazmen 5. Ileppoobpa3zubie KOpHH

Teopema 1 (LTE-nemma). 1. ITycmd T u y — pasausHvie HEHYAEEBBE UEABIE HUCAG, P — HEYEMHOE
NPoOCMoe “UCAO, He ABAFOULeECA deaumenem T u Yy u makoe, wmo p | x — y. Toeda das moboeo
HAMYPAALHOZ0 N GBINOAHEHO DABEHCNEO

2" =" lp = [lz = yllp + [l

2. Illyemv T u Yy — PASAUMHBLE UEADLE YUCAG, D — HEYEMHOEC NPOCMOE YUCAO, HE ABAAIOULEECH
deaumenem x Uy u maxroe, wmo p | x+y. Toeda das 1106020 HeweMHO20 HAMYPAALHOZO T GBINONHEHO

2" + "o = llz +yllp + Il

3. yemv © u y — pasauyunvie Hevemmuwie yeavie wucaa u 4 | © —y. Toeda das ar0bo2o namypaso-
H020 N BLINONHEHO

2" = y"[l2 = [l = yll2 + [[n]]2-

CaenctBue 1. 1. llycrs uncia a > 2, a u n — HarypaJbhbie, 5 > 0 — mejioe u p = 3 — mpoCToe.
Ecin p®|la — 1 u pP||n, To p*H¥|la™ — 1.

2. Ilycts wncia a, o, § > 0 — nesasie, p > 3 — npocroe. Ecau p®|la + 1 u pﬁHn JJ1sl He9eTHOTO
HATYpaabHOro n, To p**+A|la™ + 1.

3. Ecu 2%||a — 1 npu « > 0 u 2°||n, To p®+P|ja™ — 1.

3amevanue 2. B TakoM Buje 3Ta TeopeMa oObACHAET Ha3BaHHe «INMTUHT»: Iojarad n = p°, momy-
8
gaem, 9to p**P||a?” — 1, T.e. p® mogHEMaeTcs HaBepx B CTeICHD.

23. Jlokaxkute LTE-1emmy.

24. TlycTs HATYpaJbHBIE YHCTA T, Y, P, N, k TAKOBEI, 4T0 =" + 4" = p*. JlokasknuTe, 9TO €CAM YHUCII0
n > 1 — HeyeTHOE, & YUCJIO P — IPOCTOE HEYETHOE, TO N ABJIFETCH CTEIEHbIO YUCa P ¢ HATYPAJIbHBIM
OKa3aTeJseM.

25. Pemuts ypasnenue 3° = 2% - y + 1 B HaTypaJIbHBIX YUCJIAX.

26. HaiiauTe Bee Takue HATypaabHbIC 7, 9TO IIPH HEKOTOPHIX B3AUMHO HPOCTHIX T U § U HATYPATbHOM
k > 1 Boimosnserca papencTBo 3" = ¥ + ¢/~

. 6 4
27. Ha ckobKo HyJeil 3akanampaercd qucyo 45 + 6°° 7

1 1992 1 1990

28. Haiitu MakcuMasibHyIo cTeneHb k uuciaa 1991, maa kotopoit 1991% | 199019917 4 1992199

29. /lokazxkuTe, 4TO JIJIs JII0OOI0 HATYPAJIBLHOIO @ > 2 HalijeTcs Takoe HaTypaJibHoe n > 1, ato a™ —1
neautcs Ha n?. BepHo 1 3TO yTBep:Kaenue s a = 27

5. llepBoobpa3HbIe KOpHI

BaxkuabiM npuMepoM paGoThI MOPSIKA YHCIA, IO MOLYIIIO SABISETCS CACAYIOMast CUTyarnus. Kak Mbl
yZKe 3HaeM ’3 HepBOro pas3fiesa, MOPSIOK JI60ro Yucaa 0 MOAYIII0 1M ABIAeTCS AeJUTeJeM THCIa
@(m) (B cydae m = p HPOCTOrO MOJYJIsI MOPSIZIOK sIBJIsIeTCst JeuresneM dncyaa p — 1). OkasbiBaercs,
MHOL/Ia CYLIECTBYeT TaKoe YHCIOo ¢, ueil nopanok pacen o(m). Vnade roopd, Bee uncaa 1, g, g2, ...,
¢#"™ =1 pazauuEb 10 MOAYII0 M. Takoe YHCIIO HA3BIBACTCS NEPE000PA3HbLM KOPHEM 1O MOJYAI0 MM,
1 €70 UCHOIL30BAHMe YaCTO OBIBACT HEOOXOAUMO B 33Ja9aX, CBA3aHHBIX C PACCMOTPEHHEM CTeleHei
HATYPAJIbHBIX YUCEJ.



Paznen 6. Kpyrosie MHOIO4J1€HbBI

[Ipexke Bcero Ham HYXKHO y3HATh HEKOTOPbIE OCHOBHBIE CBOWCTBA MEepBOOOPA3HBIX KOPHEH, a
TaK2Ke MOHATD, /1 KAKAX MOAYJEH m OHU B IPUHIUIE CYIIECTBYIOT.

30. Jlokazkute, 94T0 2 — MEepBOOOPA3HBINA KOPEHb 10 MOIYJII0 3.

31. [Iyctb ¢ — nepBooOpa3HbIil KOpEHb IO MOJYJIO p. /loKaxKuTe, 9TO WA ¢, WA § + P ABJISIETCS
11ePBOOOGPA3HBIM KOPHEM 110 MOJLYJIIO p2.

32. IlycTh g — HedeTHBIH IepBOOOPa3HbIl KOPeHb 0 MOJYJIIO IPOCTOro YHC/Ia p, npudem gP~1 — 1
He JequTcs Ha p°. JJoKazKuTe, 4TO ¢ ABJIAETCS IepBOOOPA3HLIM KOPHEM 110 MOLYJIaM p" u 2p™.

33. Ilycts g — mepBOOOPA3HBIM KOPEHBb MO MOAYII0 p. JloKaxknuTe, 9TO CyIIeCcTBYeT Takoe Ienoe i,
9TO YHCJI0 ¢ + tp sBJISETCs IePBOOOPA3HBIM KOPHEM 1O MOYJIIO p™ Jijist JIIOOOro n.

Tenepnb moKazKeM CaeayIoNIiee YTBEPKICHHE.

Teopema 2. llepsoobpastvie KOPHU CYWECTNBYIOM AUULL N0 MOOYAAM 2, 4, P u 2p", 2de p — newem-
HOE MPOCMOE YUCAO, G N — HAMYPLALHOE.

34. Jlokaxkure, 9TO JJis OTJIMYHBIX OT YKa3aHHBLIX B TeopeMe MOJy/eil mepBOOOPa3HbIX KOpPHEH He
CYIIECTBYET.

35. /lokaxkem, 4TO 1epBOOOpa3HbIii KOPEHb CYNMIECTBYET JIIsl JJI0OOTO TTPOCTOr0 MOAYast p. st aToro
HOCJIeI0BATEILHO TOKAYKEeM CJICIYIONINE YTBEPKICHH.

a) Han Z, (rme p — npoctoe) muorowieH crenenu d umeer He Gosee d KOpHeil.

6) [ycrs ab — nopsiiok aucaa x 1mo Moayaio m. Torga b — nopsiok duciaa £ 1o MOJLYJIIO M.

B) [lycrb dy, ..., d — BCEBO3MOMKHBIE TOPSIKN BCEX BBIYETOB 110 MO0 p. Paccmorpum h =
[dy,...,dg]. cnonb3ys pasznoxkenne dncja h HA TPOCTHIE COMHOKHUTENHN, TOKAKUTE CYIECTBOBAHHE
1epBOOOPA3HOr0 KOPHS 0 MOIYJIIO P.

36. JlokaxkuTe, 9TO MEPBOOOPA3HBIX KOPHEH M0 MOJYJIIO m POBHO ¢(p(m)) mTYK (ecjau OHU ecTb).

37. Ilyctb p — npocroe uucio. /g Kakux HATYPaJbHBIX k UMeEeT MeCTO CpaBHEHUE

—_

p—

i*=0 (mod p)?

-
Il
_

38. llycts p — mpocroe uunciio. Jokaxure, yro unciaa 1, 2, ..., p — 1 MOXKHO paccTaBUTh MO KPYTy
TaK, 9TOOBI 11 JTIOObIX CTOAIMINX PSIOM 4Hcel a, b, ¢ uncio b — ac He melImnaoch OBl HA P.

39. Jlokazkure, 9TO JJisi JTEOOOTO HATYPATBHOIO N HARIETCS TAKOE HATYpaibHoe m, 9410 3" | 2" 42018.

6. Kpyrosbie MHOTO4JIEHBI

[Ipu pabote co cTemeHAMH HATYDPAJIbHBIX YHCET HEBEPOSATHBIM 0OPa30M OKA3BIBAIOTCS IMOJIE3HBI
TaK HA3bIBAEMbIE KPY208ble MHO204AEHbL, WA MHO204AEHbL deaerus Kpy2a. Boobime menosib3oBanue
MHOI'OYJICHOB B T€OpUM 4YHCEJI BCTPEYAIOTCA HE TaK YyzK U PpeAKO, HO 3a4aCTyI0O 9TH MHOI'OYJIEHBbI
OTIPEIEISIIOTCST TOBOJBHO MPOCTO. A BOT MHOTOUJIEHBI JIEJIEHUsT KPyra OMPEe/IsiioTCs ¢ MOMOIIHIO
KOMIIJIEKCHBIX YUCEJI. . .

HanomanMm, 9T0 kK0opHem n-i cmeneny us eduruyb, HaA3bIBAETCS TaKOoe KOMILIEKCHOe YUC0 &, 4TO
&" = 1. Kopneit n-ii crennern u3 1 cyIecTByeT pOBHO 1 IITYK, H PABHBI OHU

&k SZCOSL+iSiHL:6¥, rek=0,1,...,n—1.
n n



Paznen 7. HenpuBoguMmocTh KPyTrOBbIX MHOI'OYJIEHOB

pr?OG'I)LM MHO020HAEHOM nopﬂ(%m 7 Ha3bIBaeTCA MHOI'O4JICH
¢ (z) = ] (@—&)

rje & — xKopuu n-it crenenu u3 1. VIMeHHO 9TH, HA NEePBLIA B3IV, CTPAHHBIE MHOTOYIEHBI OKA3bi-
BaIOTCA OYE€Hb MOJE3HBI MPHU PEIEeHUN PA3JINIHBIX 3334 M0 TEOPUN YNACEJI.
HagneMm ¢ Toro, 94T0 H0KakeM OCHOBHBIE CBOHCTBA KPYT'OBBIX MHOTOYJIEHOB.

40. [oxaxute, 9ro ecau p — npoctoe, 10 Pp(z) =14+ x + 22+ ... + 2P

41. Jokaxkure, 910 | [ Py(z) = 2™ — 1. B wactaoctu, @, (z) | 2" — 1 u > p(d) = n.
dln d|n

42. Jlokaxure, uro @, (z) € Z[z].

43. IIycth p — mpousBoOIbHOE MpocTOoe YHucya0. JlokaxKkuTe, 9T0

®,(zF), ecmup|n ®,(2*"), ecau p|n,
Ppn (%) = { waler) P e =4, @)
Ba(m) o CCTH D n @n?xpk—l)’ ecau pf n.

44. a) Joxaxure, aro muorowiensl ®,(x) u @,,(r) B3auMHO IPOCTEHL.
kn

1
———upu k # 1.
=1
B) lokaxkure, uto ecan 4ncia ®,(k) n @,,(k) He B3aHMHO HPOCTBI, TO ™ ABIAETCA CTENEHBIO
HEKOTOPOTO IPOCTOr0 YHCJIA (BOBMOKHO OTPUIATENLHOI).

6) Jokaxwure, ar0 Py ()

45. Tlyctb m u n — mesbie qucaa u p — npoctoii geaureas O, (m). Tokaxkure, aro aubo p | n, aubo
n|p—1

Tenepb TOCMOTPHM, KaK KPYTOBble MHOIOYJIEHBI IOMOTAIOT DeliaTh pasaundubie 3amadan. Kiaode-
BBIM OOBIYHO SIBJISIETCSI CJIeJIyIolee coobparkeHnune. Ecan B yCJOBUM NPUCYTCTBYET BbIpayKeHWe BHIA
m" — 1, To HyKHO paccMoTpeTh duciao P, (m), aBsolieecs ero AeJuTeNreM, I IPOCThIE YHC/IA, Je-
asmmue D, (m). O6 9TUX MPOCTHIX YHCIAX ¥ HAC €CTh CYNeCTBeHHAsd HHMOOPMAIHst, KOTOPYIO MOYKHO
HCTIOIB30BATh. [IpH 9TOM YacTo OBIBAET MOJIE3HO BOCHOJIB30BATLCS AJITOPUTMOM EBKINIA I CTe-
neneit: (a" —1,a™ — 1) = a™™ — 1.

46. JTokaxkure, 9410 JjIsi JI06Or0 HATYPAJBLHOTO N CYIIECTBYeT) GECKOHEYHO MHOI'O IPOCTHIX THCE D,
Takux, 9ro n | p — 1.

47. Ilyctb p — npocroe qucio. Jlokazkure, 9T0 CyIECTBYET TAKOE MPOCTOE YUCIO0 ¢, ITO Jjid JTIOOOTro
HATYPaAJBHOTO N InCJI0 NP — p He AeanTcsd Ha .

48. Ilycth py, ..., pp — pa3JUYHbIE TPOCTBIE YHUCa, OoJsbiue 3, u N = 2P1-Pk 4 1. JJokaxKuTe, 4TO
k—1 .
y unciaa N ecTb xotd ObI 22 geamTeseii.
" -1

49. PemuTh ypaBHEHHE = 1° — 1 B HeJBbIX YHCIIaX.

z—1
50. /lokaxkure, 9T0 MyJbTHILIHKATHBHAS rpynna K* groboro konednoro mosst K sBisiercs muk/in-
4EeCKOil.

7. HenpuBoauMoCTh KPYIroBbIX MHOI'OYJI€EHOB

OcHOBHast POJIb KPYrOBBIX MHOIOYJIEHOB — Pa3J/IOyKeHHe Ha MHOMKHTEJIH BbIpakeHuss r'* — 1 u
n3BJaeveHre NHAOOPMAIINK O POCTHIX JALMUTENAX ITOT0 BhipaykeHusi. B ciepyolemM pas/ese Mbl J10-

7



Pazmen 8. Teopema 3urmormn

KaykKeM OJIHY W3 CaMbIX MOIIHBIX TEOPEeM B 3TOH 00J1acTh, MpUMeHeHne KOTOPOil JelaeT MHOTHE 3313~
4H, cojiepzKaliiie BbipakeHus BHjaa a” — 1, npakTtudecku odeBuiHbIMHU. Ceifdac ke Mbl OTBETUM Ha,
JPYTO# BONIPOC, TAKKe MPeJICTABISIONINN HHTEPEC: SIBASIeTCS JIU pa3I0XKeHne

"t —1= HCI)d(x)

dn

MHOro4eHa r" — 1 pasjokeHHEM Ha Henpueodumbie MHOKATeau! VHade roBops, BEPHO JH, YTO
MHOrounenbl ®, HenpupoanMbl Hag Q7 D10 meiicTBATEILHO BEPHO, OJHAKO JIOKA3ATEJIHCTBO BECHMA,
HEIIPOCTO.

Teopema 3. Kpyeosvie muozourerv, P,, nenpusodumo, das at0bo2o n.

JloKazarejbCTBO Mbl IIPOEJIEM B HECKOJIBKO ITAlOB.

51. (kpurepuii Diizenmrreiina) [Tycts P(x) — npuBeIeHHbI MHOTOWIEH ¢ HEJBIMI KOIDhDUIMEeHTAMH,
npuyeM Bce ero KO3 OUIUMEHTHI, KPOMe CTapIIero, JeJsaTcs Ha HEKOTOPOe IIPOCToe P, a CBODOHBIM
qjleH He JeinuTces Ha p?. JIoKayKnTe, 9TO MHOTOUYJICH P(z) menpuomnm ua Q.

52. JTokaxkure, uTo a1 npocroro p muorodien O, (x) menpusogum mag Q.

53. Ilpeamonoxkum, uro @,(x) = [[ Q:(z), rae Q; € Q[z] menpusomumver u s > 1. [lycrs Takxe
i=1

m = deg Q1 < deg Q); nyst BCex 1.
a) OGo3HAIMM uepe3 Ty, ..., T, (KOMILJIEKCHBIE) KODHH MHOrouaeHa (Qp. Jlokazkure, 9To Jyisi
m

mo6oro k muorounen Qp(z) = [[(z — 2¥) uveer nembie kospduIUEHTHL.

=1
6) dokaxure, uto @, = [[ Q.
k:(kmn)=1
B) JloKaxkure, 9TO CyIlecTByeT Takoe k, 9T0 Qs # (1 u upu srom cpasrerue p = k (mod n)
uMeeT GECKOHEYHO MHOTO PEIleHHH B MPOCTHIX YHCIAX.
F) SaBepLHI/ITe A0Ka3aTCJIbCTBO TE€OPEMblI O HEIIPUBOAKMMOCTH KPYI'OBbIX MHOI'OYJICHOB.

8. Teopema 3urmonam

Teopema, KOTOPYIO MbI ceffdac JOKazKeM, siBJASIeTCs, BO3MOXKHO, CAMON MOIIHONH TeOpeMOi B OJINM-
NHATHON TeOPUN YuCesI, CBSI3aHHO CO CTEIeHAME HATYPAJThHBIX. JTa TEOPEMa, TIO3BOJISIET PerraTh 3a-
JIavu, Ka3aJ10Ch Obl, HEBEPOATHON CJI0KHOCTH, MPaKTHYECKH cpa3y. Pazymeercs, 3a TaKyo JIETKOCTD
HpHUJIeTCA 3aIIaTHTh. B JaHHOM ciiydae ItaToi OyieT dype3BbluaiiHas CJI0XKHOCTD JIOKA3aTe/IbCTBA, a
TaK:Ke TTOHMMAHHE TOTO, YTO COCTABUTE/IN OJUMIIHA]L 3HAIOT 00 9TOH Teopeme, a MOTOMY CTapaloTCs
npejjiararh 3aja4du, B KOTOPBIX 3Ta TeopeMa HelpuMeHuMa. TeM He MeHee, 3HATh ee HeOOXOUMO.

Teopema 4 (3urmonu). 1. Ilycmv a > b — namypasvrvie wucaa. Tozda das 1106020 HAMYPAALHOZO
n = 2 yucao a™ — b codepatcum 6 c80eM PA3AOAHCEHUL HA NPOCTBLE COMHONCUMEAU MAKOE NPOCMOE,
KOMOP020 Hem 6 pasaosicenuu wuces at — bk daa ecex k < n. Hekaouenus cocmasaaom caedyrouyue
dsa cayuan:



Pazmen 8. Teopema 3urmormn

2. IIyemsv a > b — namypasvhoie vucaa. Tozda daa 1106020 Hamypasvhozo n = 2 wucao a™ + b"
CO0EPIHCUM 8 CBOEM PASAOHCEHUL HG MPOCMBLE COMHOHCUMEAU MAKOE NPOCMOE, KOMOPO20 HEM 6
pasnosicernuu wucen a¥ + bF daa ecex k < n. Hexamouenua cocmasasem caedyrowuti caywati:

en=3a=2b=1.

Mpu1 pazobbeM J0Ka3aTeaIbCTBO ITON TeopeMbl Ha HECKOJIBKO maros. IIpexkae Bcero 3ameTum, 4To
4HCIa @ U b MOXKHO CUATATH B3AUMHO HpocThiMu. Jlajee, mycrsb p | a™ —b™ — npousBoibHbI 1POCTOi
aemtens. Toraa p { a, b, mosrom monoxum k = ¢ (mod p). B atom caywae a™ — b = b" (k" — 1)
(mod p). IToaroMy JOCTATOIHO JIOKA3ATh TeopeMy SUTMOHIM it b = 1.

Jlastee, Ha30BeM MPOCTOE UHCJIO p, Aedasmee a" — 1 u He gexamee a® — b* npm Beex k < n,
npumumucHsLm. MbI XOTUM T0Ka3aTh, YTO NMPH BCEX @ U N, 38 UCKIIOYECHUEM CIydaeB, YKA3AHHBIX B
reopeme, y anciaa D, (a) ectb npuMuTHBHLIE HpocToil geauress (T.K. D, (a) | a™ — 1, sror ke npocroi
Jgeqautenb Oymer u 'y duciaa a” — 1). OCHOBHOI uzeeil moKka3aTe bCTBa ABJISeTCs OneHKa ducia O, (a)
CHHU3Y dYepe3 ero MpOoCTOil JAeIuTe b, He ABIAIOMUICA TPUMITHBHBIM.

Urak, mpeanooRum, 9o y duciaa D, (a) HeT npuMHTUBHBIX TIPOCTHIX Aeuteneii. [lycts p | @, (a)

— HeKoTOpLIit pocroii meuTennb. Torna cymecrsyer uucio k | n, Takoe, ato p | af — 1.
n
54. Jloxazknre, 910 p | 7.

55. I[lycte n = p®q, tae p 1 q. dokaxure, ato p = 1 (mod ¢). Orciona cieayer, 910 p — Hauboabwu
npocmoti desument TACIA M.

56. Jlokazkute, 9TO ect p = 2, TO N = 2 U @ + b — cTeneHb JBOUKH.
57. lokaxure, uro ecau p > 2, 10 ||®,(a)|l, = 1.

U3 mocsenneit 3amadqn ciaegyer, 4TO JUIs JOKA3aTeIbCTBA TEOPEMBl 3UTMOHU JTOCTATOYHO JI0-
Kazarh, uto |®,(a)| > p. B camom meme, ®,(a) ne moxer 6bITh KpaTHO p?, T.XK. ||, (a,b)|, = 1,
nosromy y uncaa D, (a) mosken HajiTuch erme ogumH IpocToil geautenb. OH Takke 00s3aH ObITH
HENPUMUTHBHBIM, & 3HAYUT, 110 3aja4e 55 OH JI0J/IKeH OBbITh HAUOOJBIINM ITPOCTHIM JIEJTUTEIEM 1,
9TO HEBO3MOZKHO.

58. IIyctb n = p®q, te p1q.
a) Hokaxwure, uro ®,(a) > p mpu o > 1.
6) Jokaxkwure, uto @, (a) >pupun o =1 u a > 2.
B) Hokaxure, uro ®,(a) > p upu a = 1 u a = 2, 3a uckaovdeHuem ciaydas n = 6.

59. Jlokaxkurte 1.2 TeOpeMbl 3UTMOH/IH.

60. HaiiTn Bce permenns ypaBHEHUS

B HATYPAJbHBIX YUCJIAX.

61. HaiiTu Bce HATYpaJbHBIX YUCIA a, M, N, Takue, 9to a™ + 1 | (a + 1)™.

62. HaiiTn Bce Takme HaTypaJbHBI YHUCAA T, P, N, T, TaKWAe, 9TO p mpoctoe, n, r > lux" — 1 = p".
63. HaiiTr Bce HaTypasbHBIE pellleHUs ypaBHeHud p* — yP = 1, r71e p — mpocToe.

64. Pemmuts ypapnenue 5% — 3Y = z? B HATYPaJIbHBIX YHCJIAX.

65. Haiitu Bce HaTypaJbHble pelenns ypaBaenus p® — 1 = 2"(p — 1), rae p — mpocroe.

66. Pemuth ypaBHEeHHE
(a+D(@*+a+1)...(a"+a" ' +. .. . +a+1D)=a"+a" ' +.. . +a+1

B HATYPaJbHBIX YHUC/IaX.



Pazger 9. Paszmbeie 3agadn

9. Pa3nple 3aga9n

67. JlokazkuTe, 9TO CyIECTBYeT TaKoe HaTypajbHoe 1, 910 8" + 2018 gesmrea na 52918,

68. CymecTByer Jin Takoe HaTypaabHoe N, uto y unciaa N B TounocTu 2019 npocThIX meautesiei u
N |2V +17

69. IIyctb N — narypajibHOE YUCJI0, 3aKaHIUBAIOIIEecs Ha 25, a M — HPOU3BOJILHOE HATYPaJIbHOE
gncao. JlokazknTe, 9TO CyIIecTByeT TaKoe HaTypaJbHOE 1, 9TO Y M MOCTAeTHUX UMD B 3aTNCH THCEJT
N u 5" coBmasatoT 4eTHOCTH, & ¥ (m + 1)-bIX 1udp YeTHOCTH Pa3THIHBI.

70. [Iycts p — mpocToe 4uc/io u a, n — HaTypajabHble unciaa. JJokaxkure, aro ecau 2P + 3P = a”, 10
n=1.

71. /lokaxkuTe, 9TO pa3HOCTb 3" — 2" He JeJUTCA Ha N HA /719 KaKOTO HATYPAJIBHOTO M.

72. /lokaxute, uTo ecau 3" — 2" = p® A7 HEKOTOPHIX HATYPAJbHBIX N, @ U IPOCTOTO P, TO TOTIa N
— TIPOCTOE.

73. JlokaxkuTe, 4TO CYyImeCcTByeT OECKOHEYHO MHOTO COCTABHBIX YHCEJ 7, TaKUX, YTO BBIIOJHEHO
cJeiyroree CBOHCTBO: ecau n | a™ — 1, 1o n? | a" — 1 miaa a1060T0 HATYPATBHOTO d.
2" 41

74. Haiinure Bce HaTypasbible n > 1, Takue, ITO IHCI0 ——— ABJIACTCH LEBIM.
n

75. Ilyctes b, m, n — HaTypaJbHbIe YUCIa, TaKue, 910 b > 1 u m # n. [lokaxkure, 4ro ecaum b™ — 1
u b" — 1 UMeIoT OJMHAKOBBIH HAOOD IMPOCTHIX JeJnTesel, To b+ 1 gBjIsgeTcsa cTeneHblo IBOHKH.

76. JokazkuTe, 9TO BCe YHCJIIA,
10001, 100010001, 1000100010001,

ABJIAI0OTCA COCTaBHBIMH.

77. Haiitu Bce Tpoiiku (p, z,y), COCTOAIINE W3 TPOCTOrO YUCIA P U ABYX HATYPAJbHBIX YUCET T H Y,
Takux, 910 2P~ +y u x + yP~! ABIAIOTCA CTEICHAME YHCIA P.

78. Ilycth m — HedeTHOe HaTypaJbHOe YUCJI0, m > 3. HaiiTm HauMeHbIITee HATypaJabHOE 7, TAKOe,
aro 22019 | mn — 1.

79. JToKazKuTe, 4TO CYMECTBYeT GECKOHETHO MHOTO HATYPATIBLHBIX 7, TAKHX, YTO BCE MPOCTHIC JICJH-
Tesn wucaa n? + n + 1 menbine /n.

80. HaiiTu Bce naTypaJjibHble YMCJIa N U P, TaKue, 4To p — 1pocroe, n < 2pu nP~1 | (p — 1)" + 1.

81. /s Kaxk 00 HATYpaabHOro k obozuadnm depes C'(k) cyMMy BCeX MPOCTHIX PA3TUIHBIX TETATE-
neit uncsa k. Hanpumep C(1) = 0, C(2) = 2, C'(45) = 8. Haiinure Bce HaTypajbHble 1 /I KOTOPHIX

C(2" + 1) = C(n).

n n—1
82. IlycTh n — TPOM3BOIBHOE HATYpaIbHoe uncio. JJokakure, uto y unciaa 22 4+ 22" + 1 ecthb He
MeHee 2" HaTypaJbLHBIX JeJuTesei.

83. Haiiiure Bce HaTypasibHble k TaKue, 9TO TPOU3BEJIECHUE MEPBLIX Kk MPOCTHIX YHCE/, YMEHBIITEHHOEe
Ha 1, sIBJIsieTCsl TOYHOM CTEmeHblo HATYpaJIbHOrO Yucya (Gosibiiei, dem neppas).

84. lano narypaspnoe k > 1. J/lokazKkuTe, 4TO CyIIeCTBYyeT GECKOHEYHO MHOI'O HATYPAJIbHBIX 1 TAKHX,
aron | 1"+ 2" +3" 4+ ...+ k"

85. /lokaxKkuTe, 9YTO MOCIEI0BATENBHOCTD A, = 3" — 2™ He COAEPKUAT TPeX MOCIe/I0BATEbHBIX 1JIeHOB

10



Pazger 10. Pemrenns 3amaq

reoOMeTPUYIeCKOi TPOrPeCCh .

86. /lokakure, 4TO ypaBHenue " + y" = p"” He uMeeT HATYpPAJIbHBIX PENICHUIl Npu 1 > 3 U TPOCTOM
D.

87. Jlokazkure, 9TO J/Is JIIOGOTO MPOCTOro p MHOrOwIeH 24 + 1 mpuBoauM Hag moaeM Z,.

10. Pemennga 3aga4

10.1. IIpocthie genanresn

1. (reopema Epkimzaa) [TpocThix wncen 6€CKOHEYHO MHOTO.

Pemenue. [1peanosoum npoTHBHOE: TYCTh MPOCTHIX duCe/T KOHeTIHOE Yncao. OO03HaInM nx depes
D1, - -+, Pn- Pacemorpum ancao P = py ... p,+1. DT0 4uCI0 He JIeJTUTCS HE HA OJIHO U3 p;. PaccMoTpum
HAMMEHBINHUH HATYpaabHbIH geuTenb P, oTandabii or 1. dcHo, 9T0 TOrAa 3TOT AeJUTe b IBIAeTCA
HPOCTBIM UHUCJIOM, OTJIUIHBIM OT y2Ke UMEIOIIUXCS — IMPOTHBOpeUne.

2. JlokaxkuTe, 9TO CyIIECTBYET OECKOHEYHO MHOTO MPOCTHIX unces Buae 4k + 1, riae k € N.

Pemenne. bynem paccykaaTh 10 aHAJOTHH € JI0KA3aTeILCTBOM TeopeMbl EBknna. [Ipe monoxmm,
910 npocThiX udnces Buga 4k — 1 xkoneunoe umcsio. O603HAYMM HX Yepe3 Pi, ..., Pp. PaccMorpum
qucao P =4p;...p, — 1. 3amerum, 9T0 OHO HE AEJUTCS HU HA OIHO W3 YUCENT Pi, ..., Pp. C apyroi
CTOPOHBI, BCE MPOCTHIE JICJUTEIN HEe MOTYT UMeTh BUJ 4k + 1, MOTOMY 49TO TOT/Ia UX NPOU3BE/ICHUE
Takzke uMmeeT BUJ 3k + 1, YTO HEBO3MOXKHO. 3HAYHT, Y YucIa P cyIecTByeT NpOoCTOil JIeJIUTeIb BIIA
4k — 1, oTIu4HbIi OT Py, ..., Pp, 9TO U JaeT HAM IPOTUBOPEUHE.

3. Cymectyer Jin 2019 nocjienoBaTeIbHBIX HATYPAJIBLHBIX YUCE], CPEIH KOTOPBIX €CTh B TOYHOCTH
10 mpocThIx?

Pemtenne. 3ameruMm, uTo cpean mnepBbix 2019 HaTypaabHBIX 4Yucea ecTh 111 mpocThIX 4mces: 2, 3,
5, 7, 11, 13, 17, 19, 23, 29, 31. C apyroii cropousi, cpegu 2019 uucen 2020! + 2, 2020! + 3, ...,
2020!4 2020 wet HE omHOTO TPOCTOTO Yncaa. CABUTAsSCH HA OJWMH IATr BIPABO IO HATYPAJIHHOM PSILy
OT MEepPBOro HAOOPa KO BTOPOMY, MbI U3MEHsIEM KOJMYECTBO MPOCTHIX YuCe B HAOope He Hojee dem
Ha 1. 3HAYWUT, HalileTcd MOMEHT, KOTJIa MBI MOJTYy9IUM HAOOp, cofieprKamuit B TOYHOCTH 10 MpOCTBIX
YHUCeJsT, 9TO U TPeOOBAJIO JI0KA3aTh.

4. [ycrs f € Z]x] — neso9ucaeHHbIi MHOTOYJIEH CTeleHn > 1, 1 P — MHOYKeCTBO IPOCTHIX JeTUTeeil
auces uga f(n), rme n € N. Jlokaxure, 970 MHOZKECTBO P Beerna 6eCKOHETHO.

Pemntenmne. Ilycth ag — cBoboaubiil Koabdumuent muorounrena f. [Ipeanonoxum, 94To CyIecTByeT
JIAIITh KOHEYHOE YHUCJI0 HPOCTHIX JeanTeseil 3HadeHnii MHorowieHa f B 1eabix Toukax. OOo3HaYnM
TH JIEJIUTEJH YePe3 Py, ..., Pr. PACCMOTPUM UYUCTIO f(]aol(pl . .pk)m), rjie M BBIOPAHO HACTOJIHKO
OOJIBIIIIM, YTO 9TO YHCJIO GOJBIINE |ag| TO MOLYITIO. 3aMeTHM, YTO 9TO YHCIO PABHO

ao(pl o) £ 1).
flcHo, 9TO YKMCI0 B CKOOKe GoJibiie 1 0 MOJYJIIO U HE JIeJIUTCA HU Ha OJIHO U3 IPOCTBIX YUCEN D1, . . .,
Pr. SHAYHT, ¥ HETO eCTh MPOCTON JIeTUTe b, OTJINIHbIH OT P1, ..., P — IPOTHBOPEUHE.

5. Ilycte f € Z[x] — nenoduncsienmbiit MHOTOMWIEH, Takoii, 4To f(n) > 1 1j1s BceX HATYPAJIBHBIX 7, &
p(n) — maubospiuit mpoctoit mesmress unciaa f(n). Jokaxkure, 910 cymecTByeT 6€CKOHETHO MHOTO
n, Takux, 9ro p(n + 1) > p(n).
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Pemtenmne. [peamonoxKum npoTuBHOE: TyCTh TAKUX 1. JIUITH KOHEYHOE YUCI0, 1 N — Haubosbinee u3
nux. Torga p(N) =2 p(N+1) =2 p(N+2) > .... Ho Toraa y 3uadenuii MHOTO™WIeHA f JIAIIb KOHETHOE
YHCII0 TPOCTBHIX JleuTeseil: Te mpoctbie, Kotopeie mesat f(1), ..., f(N), u HeKOTOpbIe U3 MPOCTHIX,
menbiiux p(N) — uporusopeune ¢ 3a1aueit 4.

6. IIyctb @ > b > 1 — HaTypaJabHbIe Yncaa U P — MHOXKECTBO BCEX MPOCTHIX JAEJTUTENIeH dnuceT BUIA
a”™ 4+ 0". Jlokazkure, 9T0 MHOXKECTBO P HECKOHEYHO.

Pemenne. Crioco6 1. Be3 orpanndenus o01HoCTH MOKHO cunuTarh, 410 (a,b) = 1. [Tpeanosoxum
HPOTHBHOE: MYCTh MPOCTHIX JIeJuTeNeil ducesn Buga a™ + b aunrb KoHedHoe ancio. OO03HAUNM X
qepe3 pi, ..., pg. Pacemorpum torma gnciao N = (p; — 1)...(pr — 1). Tlo mamoii Teopeme ®Pepma
a™ +bN = 2w 1 (mod p;) o Beex i = 1, ..., k. Bropoii ciyuaii cpazy IpUBOAUT K IIPOTHBOPEYHIO.
B mepBoM ciydae noaydaercd, 9to i = 1, p; = 2 a’¥ +b" = 2°. IIpoBoas anaJoruanble paccy K IeHNs
ans 2N, zakmouaem, uro a? + 2N = 27 Buauut, 2" + 2(ab)V = 2% u 277! + (ab)V = 22571 Ho
qucya ¢ u b B3aUMHO MPOCTHI, a 3HAYHUT, 00a HEYETHHI, TIOITOMY ITOCJIE/IHEE PABEHCTBO HEBO3MOYKHO.
Mbl npunn K mpoTUBOPEYHIO.

Cmocob 2. ByneMm HcKaThb OpoCTBle JeauTesqu vy umcesa Buaa a’ + b . Omnars OyneM cauTarhb
qucaa ¢ 1 b B3aUMHO IIPOCTBIMEA. [Ipenoao:Kum, 9To v 9ucesl TAKOTO B KOHEYHOE YHCJIO IPOCTHIX

geqmaresieir. O0O3HaYMM UX 4Yepe3 pi, ..., Pr. lorga, HadmHast ¢ HekoToporo M, Bce 4mcIa BUIA
m m
a?” 4+ b*" mMeloT mpocTHIe AeINTEeNN CPeIn P, . .., Pp Add m = M. ameTuM, 9T0
2]\/I+1 21\/[+1 2]W 2]\/[ 21\/[+1
+0° 7 =(a—Db)(a+b)...(a® +0*)+20* .

M+1 M+1 M+1 -
Buauur, ecs p | a? v o p | 207 u p = 2. 3naunr, o’ +b?" — cTenenb IBOHKH JIA BCExX

m > M. JdanpHeiilnas 4acTh JOKa3aTeJIbCTBA, JOCJOBHO IMOBTOPAET PACCYKJCHHUS U3 HPEIbIIYIIEro
crocoba.

7. Illycre G # 7, — noarpynma obpaTHMbBIX JIEMEHTOB 110 HATYPAJIBHOMY MOJIYJIIO n. Torjga MHOMKe-
CTBO MPOCTBIX YHCEJ, OCTATKY OT JeJeHUs KOTOPBIX Ha N He MpuHaIekaT rpymme G, 6eckonedno. B

9ACTHOCTH, IPOCTBIX YHCE], He IPEICTABUMbBIX B Buje nk+1, 6eckoredHO MHOTO (HAIIPUMED, MPOCTHIX
suna 4k — 1 wim 6k — 1).

Pe]lIeHI/Ie. Hpe,ZLHO.HO)KI/IM IMpOTHUBHOE: IIYCTHh CYIIEeCTBYeT JIMIITb KOHCYHOC MHO2KECTBO IIPOCTBIX YH-
cest ykazaHHoro Buaa. OBO3HAYNM WX Yepes Py, . .., Pr. PAcCMOTPUM Mpon3BoibHOe qucyio x € 75\ G.
ITo kuTaiickoit Teopeme 06 OCTATKAX MOYKHO HAlTH Takoe 4uciao y, 9410 y = x (mod n) u y = 1 (mod
pi) Ast Beex i. Bosbmem unciio P = np; . .. p,+y. ICHO, 4TO 9TO YHUCIIO COJEPIKUT MPOCTOH JeTUTEb,
HEe CPaBHUMBIH C djeMeHTamu (G 110 MOJLYJIIO N U HE COBIAJIAIONINI C P1, ..., P — HPOTUBOPEYHE.

8. [Iycts 2 < a,b < 100 — nBa HATYPATBHBIX YUCaa. /JJOKaKUTe, YTO CYIMIECTBYET TAKOE HATY PATHHOE
n n
n, 910 4nucyao a’ + b?" cocrasHOe.

Pemenne. Eciu a = b, To moaxomur n = 1, ubo a® + b? — gernoe 4mcio, Gomabiee 2. Jamee Mbl
npenoaaraeM, 9to a # b. B 9TOM ciyuae MBI yCTAHOBEM, UTO HPH HEKOTOPOM N 4mciao a’ -+ b
JenuTcd Ha 257 w He paBHO 257.

IIpeanono:kum, uro ecn a®” +b?" = 257, 1o mm a, uam b = 1 (r.x. 162412 = 257 — euncTBeHHOE
TpejicTaBIeHne TPOCTOTO Yucia 257 B BHIE CyMMBI IBYX KBaJapaToB). Ho 3T0 HeBO3MOKHO, T.K. a 1
b>1.

dleno, aro a u b we memnarcs ma 257. Moaoras ¢ = ¢ (mod 257), nokaxkem, uto ¢> + 1 aemurcs

b
Ha 257 mist HekoToporo n < 7. st 3Toro 3amernum, 9To 10 MaJioi Teopeme Pepma

@ —1=(q-1)g+1(@+1)...(¢") —1=0 (mod 257).

Tx. ¢ # 0, &1 (mod 257), mosydaem, uTo Kakas-To u3 ckobok ¢> + 1 xparna 257. Ho toraa
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a® + 0¥ =¥ (¢*" +1) =0 (mod 257), 4o u TPeGOBAIOCH JOKA3ATD.

9. Tlycrs p(n) — waubosbimuit npocroii geuTess yuciaa n? + 1. JlokaxuTe, 4T0 CylUIecTByeT 6ecKo-
HEYHO MHOTO TPOeK (a, b, ¢), Takux, aro p(a) = p(b) = p(c).

Pemenne. Cnocob 1. JloctaTovuHo j10Ka3aTh, YTO HalgeTcss OECKOHEYHO MHOIO HMPOCTBHIX YHCeNd (¢,
Takux, 910 ¢ = p(n) u ¢ < n. B camom jiesie, TOrIa MOJIOKHM @ = N, b PABHBIM OCTATKY G MO MOJLYJTIO
quc=q—b. Yrobul HaliTH Takue ¢ U m, PaCCMOTPUM pellenud ypasHenus [lemwna n? + 1 = 5m2,
bonpmme 5. Torga m < n u p(n) paBen wan 5, WM MAKCHMAJIBHOM MPOCTOMY JEJUTEII0 THCIR M.
U1 B Tom, 1 B Apyrom caydae p(n) < n. 3HauuT, BeIOUpas a = n, ¢ = p(n), b paBHBIM OCTATKY G IO
MOJIYJTIO ¢ U ¢ = ¢ — b, NOJIy9aeM UCKOMYIO OECKOHETHYIO CEPHIO TPUMEPOB.

Cmoco6 2. Ilycth ¢ — HedeTHOe IPOCTOe YUCIO0, a a4 < ¢ — TAKOe HATYPaJbHOE UHCJIO, 9TO
q | a*+1 (cormacno 3amaue 4 Takux nap 4uces GECKOHEYHO MHOTO). Toraa Yucia a u ¢ — a pa3IaIHbI
u p(a) = p(q — a). Hdeiicrsurensno, uuciaa a® + 1 u (¢ —a)®* +1 = (a®> + 1) + q(q — 2a) gensarca na q
1 MEHbIIe ¢ 3HAYHT, OHU He MOTYT JeJUThCA Ha IPOCTLIE YHCAa, OOJBIINE ¢.

Hpe,ZLHOJIOH(I/IM, q4TO CymeCTBYET JINIIb KOHEYHOE YMCJIO MPOCTHIX YuCeJ ¢, AJ49 KOTOPBIX YpaBHE-
Hue p(n) = ¢ uMeeT XoTs ObI TPH HATYPAIbHBIX pelienus. OG03HAYUM Yepe3 s MAKCUMATBHOE TAKOe
IPOCTOe YUCIO (€C/IM TAKUX MPOCTHIX HE CYIIECTBYET, MOJIOKUM § = 2), a depe3 S — HpPOU3BeJIeHHe
BCEX IIPOCTBIX HYUCEJI, HE HHPEBOCXOJAIIINX S.

[Tycrs r = p(S); Torma r B3aumHO OpocTo ¢ S u noromy r > s. [lycth a — ocraTok or nesierus S
Ha r; rorna | a® + 1 u p(a) = p(r —a) = r. OnHo U3 UKCET @ U T — @ YeTHO; 0O03HATNM €ro depes b.

Yucao (b+ r)? + 1 penurca na 2r, nosromy ¢ = p(b+1) > 7.

Ecmu g = r, To ypasuenune p(x) = r uMeer tpu perterust — b, rb, r + b, & 9TO HEBO3MOXKHO IO
IPEINOIOKEHHUIO.

Ecmu g > 7, aucio (b+ r)? + 1 genurcst na 2gr. dro ozuavaer, uro ¢ < b+ r (B UPOTUBHOM
crygae (b+7)2+1 < (2r — 1)g + 1 < 2gr). OGoznauast wepes ¢ OCTATOK OT JeeHus Iucyaa b + r Ha
q, moaygaem p(c) = p(qg—c) =p(b+ 1) =¢q > p > S, 4T0 TPOTUBOPEUYHUT BLIOOPY S.

10. /Tokakute, 94TO CyIIECTBYET OECKOHEYHO MHOT'O HATYPAJBHBIX N, TAKUX, 9TO HANOOJIBITUI MPO-
cToit mesmTenp uncia n’ + 1 6osbIre
a) 2n

6) 2n 4+ v/2n.

Permenne. a) Kiouesas ujes 3ech cocrout B cueyionieM. Mpl onsrh HOIpoOyeM 3amenuThest 3a
CaMyIo CJIOKHYIO 9acTh yCJIOBUSA. B JJaHHOM ¢jlydae 3TO MaKCUMAaJIbHBIN pocToit aemuresb p. [lousar-
HO, UTO, (PUKCUPYS UHCIO 1, HAHTH MAKCHMAJILHLIH TPOCTOH AeauTesnnb dnciaa n? + 1 HeBO3MOYXKHO.
[TosToMy mOCTYIHM ITO-APyroMy: 3apUKCHPyeM caMoO IPOCTOE YUCI0 p U Oy/IeM UCKATb TaKue n, JJId
KOTOPBIX P OYIET MPOCTBIM JICJTHTEIEM.

[Tpe e Beero 3aMeTuM, uTo cpasienne n’ + 1 = 0 (mod p) paspemumo 119 6eCKOHEIHO MHOTHX
npocThix p (a umenHo, s Beex p = 1 (mod 4)). Bosbmewm Teneps pemtenue n < p/2. Torga p > 2n,
4TO U TPeDOBAJIOCH.

6) DTOT MYHKT Telepb [MOYTH MIHOBEHHO CJeyeT u3 I. a). Jlas sToro mojoxum d = p — 2n.
Torma p | n? +1= (p—d)*/4+ 1, orkyna p | d* + 4. 3nauur, d* > p—4=2n+ (d —4) > 2n nupu
d>4np>4%+4 = 20. 3naunr, ;g Kaxa0ro p > 20, Takoro, uro p = 1 (mod 4), naiizerca Takoe
n,uro p|n®*+1up>2n+ \/%, 9T0 1 TPeDOBAJIOCH JI0KA3ATh.

11. ITycrb p(n) — HauboJibinuii HpocToii gejaureib ducia n. JJokaxkure, 910 CyecrByer 6eCKOHeIHO
MHOT'O HaTypaJIbHBbIX N, TAKUX, YTO p(n) < p(n + 1) < p(n + 2).

Permtenune. /Tia yno6crBa nmosoxkum m = n + 1 u Oyjaem uckarb Takue m, 410 p(m — 1) < p(m) <
p(m+1). Unest 3aKM092CTCA B TOM, 9TOOBI HCKATH 1M = ¢2, TJ1€ ¢ — IPOU3BO/IBHOE HEUETHOE IPOCTOE.
Seno, uro mpn k =1 p(¢2 — 1) < ¢ = p(¢?). Joxazkenm, uto cymecrsyer takoe £, aro p(q® — 1) > q.

13



Pazger 10. Pemrenns 3amaq

Torma BeiOWpast Hanmenbiee Takoe ¢ u moiarast k = ¢ — 1, Mbl TioJiygaeMm Tpebyemoe, T.K.

2Z—1

pl® —1) <qg=p( ) <p@® —1)=plg " +1).

JList 3TOTO JIOCTATOYHO MTOKA3aTh, YTO MHOXKECTBO MPOCTHIX JICJIUTE/ICH YHCesT BUIA qQk — 1 Becko-
HEYHO. DTO Cpa3y cjeiyeT u3 3ama4du 6, Belb an+1 —1= (an - 1) (qzn + 1), a MHOZKECTBO TPOCTBIX
JleJIuTeIeil Yuces U3 BTOPOil CKOOKHM OecKoHedHOo. TakuMm oOpa3oM, Hallle YTBEPKJICHHE MOJTHOCTHIO
JIOKa3aHO.

12. Tlycrb p(n) — HAMGOIBIMI TPOCTOl AeuTenb dncaa n (Takxke moaokum p(+1) = 1 u p(0) =
o0). Haiitu BCe nesiouunciennbie Muorowienbl f € Z[z], Takue, uro muoxkecrso {p(f(n?)) — 2n},=o
OrPAHUYEHO CBEPXY.

Pemenne. 3aduxcupyeM HauMeHbliee HaTypajibHOe 4HCIO ¢, Takoe, urto p(f(n?)) — 2n < 2c¢ +

1. Cornacno 3amade 4, y uuces Buja f(n?) cymecrByeT GECKOHEYHO MHOIO HPOCTBIX JeJTHTEJIe.

Bribepem npocroit genuresb ¢ > ¢, Toraa ¢ —2n < c+1lun > % — c¢. PaccmaTpuBag ocTaTKH 1O
—1 .

MOJYJTIO ¢, MOYKHO CHHTaTh, 4To n < 5=, 3Haunt, Hafizerca Takoe uncao k Ha orpeske [0;c|, 4To

0= f((% —k)2> = f((k—l—%)2> (mod g).

BHa‘II/IT, q ABJIdETCHd ,ZLeIII/ITeIIeM qucJauTeJid 4ucJia
C
1,2
TT7((k+25)%).
2
k=0

Ho ecu 310 wucio ne pasen 0, To Takux ¢ Koneunoe 4ucjo. [loaromy naiimercsa rakoe uucio kg Ha
2
orpeske [0; ], aro f((k +3) > =0, re. f(z) = (4o — (2ko + 1)?) - fi(x). Tlpumenss anajorudnbie
paccyJieHusl K MHOrOUJieny f1, mojydaem okondarebubiii orser: f(z) = A[](4x — a?).
2ta

Otset: f(z) = A][(4z — da?).

2ta

10.2. Ilopgamok umcaa 1Mo MOIYJIIO

13. Jlokaxkurte, 94TO ecad p — mpocToe, To y ducaa 2P — 1 Bce mpocThie JietuTen O0JIbIle p.

Pertenne. TIpeanonoxum nporusHoe: nycth 2P = 1 (mod ¢) n ¢ < p — HEKOTOPHIH TPOCTOii JesH-
Tesib yncia 2P — 1. Ilycers Takzke T — mopsajiok yucia 2 1o moiymo g. Toraa 27 =1 (mod ¢) u T' | p,
otkyaa 6o T = 1, 6o T = p. B mepBom ciaydae noaydaem, uro 2 = 1 (mod p), 970 HEBO3ZMOKHO,
a BO BTOPOM cJiydae mosydaeM, uto T = p | ¢ — 1 mo mamoit Teopeme Pepma, otkyma p < g — 1 —
LPOTUBOPEYHE.

14. Jlokaxkute, 94TO €Cju p — IPOCTOe, TO JI000# npocToit jgesmressb ancia 2P — 1 umeer sug 2kp + 1
JIJIT HEKOTOPOT'O HATYPAJIbHOTO K.

Pemenne. [Iycrs ¢ — npocroii penrens ynciaa 2P — 1. Ecaun T — nopsiiok dncia 2 1mo MOy ¢, TO
T |p, orkyna T'= 1w T = 2. B nepom ciaydae noaydaem, 94to 2 = 1 (mod ¢), 9T0 HEBO3MOKHO,
a BO BTOpoM — 410 p | ¢ — 1 mo masoii reopeme @epma. 3uauut, ¢ — 1 = np. fcHo, 9TO ¢ HEYETHO,
noyromy n = 2k gerno u q = 2kp + 1.

15. a) [IycTb p — HedeTHBIH npocToil Aesurenasb ncaa a® + 1. Jokaxmure, uro 2" |p — 1.

6) JOKayKuTe, 9TO BCe MPOCThIe Jaenutenu ducen Pepma 22" + 1 umeror Bux 2" - 2 + 1.
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Pemenne. a) Iycrs a>’ = —1 (mod p). Toraa o = 1 (mod p). Tlycrs T — nopsioK duciia
a o moxymo p. [loayuaem, uro T | 2" re. T = 2% npu nekoropom k € N. Ecim k < n, To
1= (a®)?" =4 = —1 (mod p) u p = 2, uro HEBO3MOKHO. 3HaunT, T = 2" I MO MAaTTOl TeopeMe

®epma 2" =T | p — 1, uro u TpeboBajioch JoKa3aTh.

6) DTOT MyHKT He3aMeJIUTENHHO [OMYyYaeTCs U3 11. a) HOACTAHOBKON a = 2. VIHTepeceH OH TeM,
9TO MMeHHO Ouarogaps sromy dakry JI Dilzep cymen gokasars, 4ro uncao 22 + 1 He sBasercs
COCTABHBIM: y HEro CymecTBYeT IIpocToil aeanTenn 641 = 26 .10 + 1.

16. /lokaxkute, 4TO J/isd JIOOON0 HATYPAJIbHOrO n yucjo 2" — 1 He jeaurcd Ha n.

Pemenmne. IIpeanonoxum, 94To /151 HEKOTOPOTO HATypaabHOro n 4yuciao 2" — 1 genurcs na n. Pac-
CMOTPUM HAWMEHBINHH MPOCTON JeUTeNb p ducaa n U mopsaok 1 dumciaa 2 mo monyao p. Torma
2" = 1 (mod p), otkyna T | nu T | p — 1. Ho Torna T < p — jaeautenab n, MEHbIIHA p. 3HAYWT,
T=1u2=1 (mod p) — uporusopeune.

17. CymecrByer Jin HaOOP HATYPAJbHBIX Yuces (N1, ..., Nk ), TAKOH, 4ro n; | 2™+ —1 jgist Beex 1 = 1,
..y k (MBI cauraem, 9To Ny = nq)?

Pemenune. [lycts p — mHauMmeHbmnit TpocToil [e/JUTE/Ib CPEAN BCEX IETUTEICH THCET N, ..., Nj.
Torma p | n; | 2™+ — 1. Buauutr, 2"+ = 1 (mod p). [ycrs T — mopsiiok 4ucaa 2 MO MOIYIIO .
Torma T <puT |ng1. Ecim T > 1, To y 9ucaa n;yq CyIeCcTBYeT OPOCTOM JeuTesib (BXOISIIIiA B
pazioxkenue T'), MeHbIIHi p, 9T0 HeBO3MOXKHO. 3Hauut, T =1 u 2 = 1 (mod p), 4TO HEBO3SMOKHO.
3HAYHUT, ICKOMBIX HAOOPOB HE CYIIEeCTBYeT.

OTBeT: He cylecTByer.

18. a) UsBecrno, uro p # 2, ¢, r — npocrele yncia, Takue, 9ro p|q” + 1. Jokaxure, aro aubo 2r|p—1,
6o plg® — 1.
6) Haitaure Bce Tpoiikn npocthix wucen (p, q,r), Takue, uaro p|q” + 1, q|r? + 1, r|p? + 1.

Pemenue. a) Eciu ¢" = —1 (mod p), 10 ¢*" = 1 (mod p). Eciiu T — 10ps0K 4uc/ia ¢ 10 MOJLYJIO
p, 10 T | 2r, orkyna T € {1,2,7,2r}. Eciu T =1, 10 ¢ = 1 (mod p), 1 =¢" = —1 (mod p) u p =2
— nporusopeune. Eciu T = r, 1o onsath 1 = ¢" = —1 (mod p) u p = 2 — nporuBOpeune. 3HAYHT,

mmbo T =2wu ¢*> =1 (mod p), 6o T = 2r u Torga mo maoii reopeme Pepma 2r =T | p—1, uTo n
TpebOBAJIOCH JOKA3ATh.

6) fcHo, aT0 BCe wmcaa p, g, r pasdaudHbl. [Ipeamosoknm, 9T0 BCce 4ducaa p, ¢, r Gospiie 2.
CornacHo 1. a), 6o 2r | p—1, 6o p | ¢>—1. B nepsom caydae nosydaem, 9ro 0 = pi+1=1+1 = 2
(mod r), T.e. r = 2 — mporuBopeune. Bo Bropom cayuae qubo p | ¢g— 1, mubo p | g+ 1. Ecim p | ¢ — 1,
0 0=¢"+1=1+1=2 (mod p) u p =2 — nporusopeune. 3uauut, p | ¢+ 1. Anasoruuno, q | r+ 1
ur|p+1. Hororma p < q¢g<r<pup=q=r— nporuBopedne.

Urax, 6e3 orpanudenus obutaoct p = 2. Torna g u r Hedernbl. CHOBa MPUMEHSIS 1. &), MOy IaeM,
uro 6o 2q | r — 1, 6o r | 22 — 1 = 3. B nepsom ciiyqae r =1 (mod ¢) u 0= +1=1+1=2
(mod ¢), T.e. ¢ = 2, 9TO HEBO3MOXKHO. 3HAYUT, ' = 3 U ¢ = 5.

Otser: (2;5;3), (3;2;5), (5;3;2).

19. Haiitu Bce mapsl mpocTBIX duces (p;q), Takux, 910 pq|(5P — 2P)(59 — 29).

Pemenne. [Iycts p | 57 — 2P, Torma 0 = 5 — 22 = 5 — 2 = 3 (mod p) no masoii Teopeme Depma,
orkyma p = 3. Bmauwt, ¢ | (5% — 23)(57 — 29) u qm6o q = 3, mbo ¢ | 5° — 2% = 117 u ¢ = 13.
Amnajiornano, eciu ¢ = 3, To p = 3 wiu p = 17. Tenepb npeanonoxum, ato p # 3 u q¢ # 3. Tormga
p | 57 — 29, Tlepennmenm 370 B Buje 57 = 29 (mod p) u pazgennm 310 cpaBHeHne Ha 29. DTO MOKHO
cAenarb, T.e. 29 — AeuTesb eUHAIB 10 Moayao p. Ilycts a = 5/2 € Z,, torga a? = 1 (mod p).
Ob6oznauum depes T nmopsiiok 4uciaa a mo Moxyao p. Torma wiu T = 1, wim T = q. llpu T = 1
nosiydaeM, uro a = 1 (mod p) u 5 = 2 (mod p), t.e. p = 3 — nporusopeune. [Ipu T = ¢ u3 Maoii
reopembl Pepma nojiyuaem, 9ro ¢ | p — 1. Ananorunusno, noiaydaem, uro p | ¢ — 1. Ho Torma ¢ < p u
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p < @ — TpOTHUBOpEYNeE.
Orser: (3;3), (3;13), (13;3).

20. HaiiTu Bce mapbl MPOCTHIX YUCEN P, ¢, TAKAX, 9TO pq|2P + 29.

Pemenue. 3amernm, 4To ecid p = 2, To ¢ | 2 + 2971 u 6o q = 2, mbo ¢ = 3. AHaJOrUYHO, IIPH
g = 2 moaydaem, 9To p = 2 nam 3. Byaem cuutarh, uTo p u ¢ He paBHB 2. llyets p— 1 =28 -n u
g = 2 - m, rme n, m HederHsl. Be3 orpammdenua oOmIHOCTH GyIeM CYHTATh, uTo k = [. [TosoxknM
xr = 2", Torya corjacHo Masoii reopeme ®epma, 2P~ = —1 (mod ¢). 3nauuT, HOPAJIOK YUCIA T 110
Momy/mio ¢ pasen 281 mockonnky 22 = 201 = —1 (mod ¢) u 22" = 220-) =1 (mod ¢). Orciona
cremyer, aro 281 | g — 1 =2 m, me. k+ 1 <1 < k — mporusopeune.

Otsert: (2;2), (2;3), (3;2).

10.3. LTE-nemma

21. Jokazkure, 4TO

k
k
1Cxllp > [Inll, — Pt

Pemenne. 3anumem IIEIIOYKY HEPaBEHCTB:

nn—1)...(n—k+1)
Ik = | - |, > limll, = e, =

= ol - ([E] 4 [&]+ [5] +) == (B B4 K )=

I e
—t+—=+—=+...)=|nlp—-—--——=|nl, - ——.
PP Top 1-1)p op-1
22. Tlyctb n wewerno u 3%||n. Tokaxure, uto 3°T1H|2" + 1.

Pemenne. [Ipumenum 6unom Huiorona:
2"+ 1=(-14+3)"+1=3-C) —3*-C2+ ... .

Bamerum, 4to ||3-Cl||s—a+1. JToxaxem, uto ||3¥-C¥||3 > a+1. B camom siesie, npumenss 3a1aay 21,
MOJTY AeM:

k k
85 Clls > k+ Inlls = 5 =a+5 > a+1,

9TO U TPeDOBAIOCH JOKA3aTh.

Teopema 1 (LTE-nemma). 1. Ilycmv T u y — pasaurHvie HEHYACEBE UEAIE YWUCAG, P — HEYETHOE
NPOCMOoe YUCAO, HE AGAMOWEECA deaumenrem T u Y u makroe, wmo p | © — y. Toeda das awbozo
HAMYPAADOHOZ20 N BVUNOAHEHO DPABEHCTNEO

2" =" lp = [l = yllp + [l

2. IIycmvb T U Yy — PASAUYHBLE UEADIE YUCAG, P — HEUEMHOE NPOCMOE UUCAO, HE ABAAIOULEECH
deaumenem x uy u makoe, wmo p | x+y. Toeda das 1106020 HEHEMHO20 HAMYPAALHOZO N GBINOAHEHO

12" + 4"l = [lz + yllp + lInllp-

3. Hyemv x u y — pasauyunvie Hevemmuwie yeavie wucaa u 4 | © —y. Toeda das ar0bo2o namypaso-
H020 N BLINONHEHO

12" = y"l2 = [l = yll2 + [[n]]2-
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23. Jlokaxkute 3Ty TEOpemy.
Zoxazameavcmeo. 1. llycts 2 = x + y. Torma
" — yn — (y + Z)n o yn — C,,llyn_lzl + C«iyn—222 + C«Syn—?)z?) N

BamernM, 4TO
ICy" 2l = NIzl + [Inll,-

Jokazkem, uto nipu k > 2 mMeeT MeCTO HEPaBEHCTBO
ICy" "2 Ml > N2l + Il

(Torma orcrofa OymeT cjeoBaTh, YTO HAMMEHBIIAs CTEIIeHb BXOXKIACHHS D B PA3HOCTH 2" — y" cojep-
JKHUTCsl HMEHHO B TepBoM 4iieHe GnHoMa HbioTona). Mcnonp3ys HepaBeHCTBO U3 TIpe/Ibl Ay el 3a1an,
HOJTyYaeM:

. k
IChy" 25, = ICR2" 1l = Kll2lly + 1 Cally > Kzl + lInll, — 1

o |

k
= ([Inlly + 1I2llp) + (& = Dllzlly = —= = (lnllp + []2[l,) + & =1~

p—1 2 |Inll, + {125,

4TO U TpeDOBAIOCH JOKA3aTh.

2. BamenuM B 1.1 wncyo y Ha qucyao (—y).

3. 3ech HaM HOTPeOyeTCst HEMHOI'O TOYHEE OIEHUTH CTEIeHN BXOZXK/IEHUST JIBOMKN B OMHOMHUAJIbHbIE
ko3 dunuentsl. [lycrs 2 = x 4 y. Torna

" — yn — (y 4 Z)n _ yn — CTILyn—lzl 4 C«QLyn—222 4 ngn_323 o

T

Samernm, 4TO
ICay" 2ll2 = lIzll2 + [In]l2.

JTokazkeM, 9TO IIpH K 2 2 IMeeT MecTO HepaBeHCTBO
) p p
HCSy" kzkHQ > HZHQ ”nHQ

(Torma orcroma GyIeT cJie0BaTh, YTO HAMMEHBINAS CTeleHb BXOXKJICHUs JBOWKY B BhIpaskeHue " —
y" COJEPZXKUTCS UMEHHO B 1epBoM wiene 6unoma Hptorona). Vcnosb3yst HepaBencTBo u3 3agaun 1,
HOJTydaeM:

IChy" 28l = ICR 2"l = kll2ll2 + Call2 > Kllz]l2 + [Inll. — & =
= (lInllz + 1Izll2) + (& = Dllzlla = k = ([Inll2 + l[2ll2) + 2(k = 1) = &k = [[n]l2 + [|2]]2,

9TO U TPeDOBAIOCH JOKA3aTh. O

24. IlycTs HATypaJbHBIC YUCIA T, Y, P, N, k TAKOBEL, 4T0 2" + 4" = p¥. JlokaskuTe, 9T0 €M YHuC/I0
n > 1 — HeveTHOE, & YUCT0 P — MPOCTOE HEIETHOE, TO N ABJIFETCI CTENEHBIO YUCA P C HATYPATIbHBIM
MOKa3aTeseM.

Permenune. Bes orpannuennst OGIIHOCTH MOYKHO CYHTATh, YTO YUCJIA T W Y HE JEJsITCS Ha p (MHade
COKPATHM Ha TIOJIXOJSIIYI0 CTEIeHb p; POBHO OJHO U3 YHCEN X, Y He MOXKeT ObITh KparHo p). T.K.

PP = 2" +y"x +y, To Mbl Haxogumest B yeaosuax LTE-2. Umeenm: k = ||z + 4|, = |z +yll, + |7l
Bamerum, uro ||z + y|, < k, Tk. x +y < 2" + y"* = p¥, nosromy ||n|, = a > 1. lycrs n = p°n;.
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Ecam ny > 1, To TPUMEHNM HaIlM PacCy» IeHus K ypaBHenuio (7)™ + (y)™ = p*, te x; = 27" u
y1 = y*". llosyqaem mpoTuBopedne. 3HAINT, n; = 1 ¥ n = p%, 4TO U TPeOOBAIOCH TOKA3ATh.
25. Pemutp ypasnenue 3% = 2% - y + 1 B HaTypaJIbHBIX YUCTIAX.

Pemienne. Ilepenumem ypasuenue B Bujie 37 — 1 = 2% - y. 3amerum, 4ro © = 1, y = 1 — pelienue.
Hanee, ecin x > 2, T0O mpaBas 9aCTh ypaBHEHHUs JIeJIUTCst Ha 4, a pa3 Tak, 0 0 =3 —1 = (—1)* — 1
(mod 4), otkyma x = 2n — 4YeTHO.

Banuiem ypasuenue B suge 9" — 1 = 22" . y. IIpumennum LTE-3 (uro Bozmoxkuo, T.. 4 | 9 — 1):

2n < 19" =12 = 19 = L2 + [Infla = 3+ [In]l2.

Bamerum, uro npu ||n|lz < 1 numeem 2n < 3+ 1 =4, orkyga qubo n =1, z =2 u y = 2, aubo n = 2,
r=4muny=>5. Eciun xe ||n]|s < 3, To

3+ |||, < 217k < 2. 2z < 2p,

MO3TOMY JIPDYTUX PEITeHuil HeT.

26. Haiiinre Bce Takme HATypaJbHBIE 71, 9TO IPH HEKOTOPHIX B3ANMHO MPOCTHIX & U Y N HATYPATbHOM
k > 1 semonnserca pasencTso 3" = ¥ 4 ¥

Pemenune. 3amerum, 9T0 HE OIHO W3 YUCET T, i HE JEJUTCS HA 3. SHAYUT, UX OCTATKHU 110 MOJLYJIIO
3 pasubl +1. Ecan 4mcso k gpasercda 4eTHBIM, To Toraa oF +yF = 1 +1 =2 # 0 (mod 3) —
HpOTHBOpeUre. 3HAYUT, k HedeTHO. [IpuMenss pe3yabTar mpegablayInei 3a1aun, HoaydaemM, 910 k =
3%

a—1 a—1
[Momoxum u = 22" mov =y . Torma u + v3 = 3". PackiaapiBag Ha MHOXKHTEHN, HOIYIaeM,

gyrou+v=3"nu?—w+v>=3" rmea>1,b>1 Torma

3uv = (u+v)% — (u® — v +0v?) = 3% - 3P,

Ecau b > 1, To uvi3 — nporusopedne. 3Hauut, b = 1 u u? — uv + v? = 3. Ilycrsb u > v, TOra

3=u?—uw+0v® >0

Buayut, v =1unu=2,0rkyia « =1 u k = 3.
. 6 4
27. Ha ckoapKo Hy/eil 3akamampaercd qucao 45 + 6% 7

Penternne. 3ameruM, 9TO JOCTATOYHO BBLIYHUCJIHTL MAKCUMAJIBbHYIO CTEIEHb IISATEPKH, Ha KOTOPYIO
6 4
nemurcs 4° + 6° . Ing sroro npumenum LTE-1 u LTE-2:

147 + Uls = 4+ s + 5%l =7 = (6" =1l = |6 = 1[5 + [|5*}5 = 5.

6 4 6 4
3HAYAT, MAKCHMAJIbHAs CTENIeHb MATEPKH, Ha KOTOPYIO JeIATCA 9ucio 4% +6° = (4% +1)+ (65 —1)
paBHa 3.
OTgerT: 5 nyJeii.

28. Haiitn Makcumanbuyto crenenb k aucaa 1991, aas koropoit 1991F | 1990199177 4 1992199117

Pemenne. Ilycts a = 1991. O6o3naunm gepe3 p npou3BobHbIN npoctoit geaurenb a. [lo LTE-1 u
LTE-2 umeem

aafl a—
la+1)" =1l = lla+1) =1, + [[a® |, = allal,
aotl a
H(a —1) + 1||p = ||(a —1)+ 1”72 + ||a +1||p = (a+ 2>Ha”p'
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Orcrona caeayer, 9T0O
a—1 n
a*[(la+1)* =1 =w a%(a—1)* +1.

CrtagpiBas, MOJIydaeM, 9To
a+1 a—1
a’l|[(a =1 +(a+1)* .
3HaUNUT, HCKOMAasi MAKCUMAJIbHAs CTeneHb paBHa a = 1991.

29. J/Tokazkure, 94TO /U5 JIOOOT0 HATYPAJIbHOTO a > 2 Haiijercsd Takoe HarypajabHoe n > 1, aro a™ —1
nemutes Ha n?. Bepro au aTo yTBepKaenue aag a = 27

Permernune. O603uaunM depe3 p mMpocToil jesmresb dncjaa a — 1 (T.K. a > 2, TaKoii JeJuTesnb Ccyie-
cryer). Torma o LTE-1 nmeem

la” =1l = lla = 1, + [Ipll, = 2,

T.e. @’ — 1 KpaTHO p? U MOXKHO B3STh N = P.
Ecam xke a = 2, To cormacHo 3amade 16 unciao 2" — 1 He JeauTcs gazke Ha n.

10.4. IlepBooOpa3Hble KOpHU

30. Jlokaxkute, 94T0 2 — nepBOOOPA3HBIN KOPEHB IO MOIYJIIO 3.

Pemenne. [Tycrs T — nopsaaok uucia 2 no moayo 3". Toraa T = 2t werno, te. 1 = 27 = (—=1)7
(mod 3). Buauut, 4* = 1 (mod 3"), orkyzsa no LTE-1 umeem n < ||[4°— 1|3 = [[4—1||z+]||t]]s = 1+]|¢]5-
Buauwmr, ||t]s > n—1uT =2t >2-3""1 = p(3"). Homygaem, aro T = ¢(3"), 9T0 U TPEGOBAIOCH
JIOKA3aTh.

31. llyctp g — mepBoOOpa3HbIit KOpeHb MO MOAYIIO p. loKaykuTe, 9TO WIH ¢, WIH ¢ + P ABJIAETCS
11ePBOOOPA3HBIM KOPHEM 1O MOJIYJIO 2.

Pemenue. Ilycts T — nOpsAIoK 4ucIa ¢ 0o MoAymio p?. T.K. g — nepBooGpa3HbIil KOPEeHb M0 MOJYJIIO
p,rop—1|T|(p*) =p(p—1). 3uauur, uu T =p — 1, wu T = p(p — 1). Bo Bropom ciyuae g
— MepBOOOPA3HLI KOPEeHb 0 MOAY/II0 p°. PaccMoTpuM mepsuiit caydait. JJokazkeM, 9T0 TOTIa g—+Dp
— IepBoOOpa3HbIil KOpeHb 0 MOIY/II0 p°. B caMoM Jese, HOPAI0K ¢ + p 1O MOIYIIO p° paBeH I
p— 1, wm p(p — 1). Bo BTOpOM ciiydae Bce JOKa3aHO, a B MepBOoM 10 GuHOMY HbIOTOHA MOJTyYaeM

1= (g+pP =g +pgp_2(];_1 +p%(.)=1+pg? 2(p—1) (mod p?)

— MTPOTUBOPEYHE.

32. IlycTh g — HedeTHBIH IepBOOOPA3HbIl KOPeHDb 0 MOJYJIIO IPOCTOro YHC/Ia p, npudeM gP~1 — 1
He jequTcs Ha p°. JJoKazKuTe, 4TO ¢ ABJIAETCS IepBOOOPA3HLIM KOPHEM 110 MOLYJIaM p" u 2p™.

Pemenue. [lycte T — TOPSAIOK YUCIA ¢ IO MOILYJIIO p™ (711 MOIYJs 2p™ PACCYKIACHUST JOCTOBHO
coajaor, T.K. p(2p") = ¢(p")). T.k. g — mepBoobpasubiii KOpeHb 110 MOAyI0 p, o p — 1 | T |
p"L(p —1). Bnaunr, T = p*(p — 1) s mekoroporo mHarypasbroro k. puvenss LTE-1, nomyaaem:

- k _
6"~ 1y = @™ = 1l = g™ = 1llp + IHlp = 1+ £ > n,

orkyaa k > n — 1. 3uauur, k =n— 1 u T = ¢(p"), 410 1 TpeGOBAIOCH JOKA3ATh.

33. Ilycrb g — nepBooOpa3Hblii KOpPeHb 110 MOJY/II0 p. Jlokaxkure, 9T0 CyIIecTByeT Takoe Iesoe t,
YTO YUCJIO g + tp ABJAAETCS MEePBOOOPAZHBIM KOPHEM IO MOJAY.JII0 p™ jijas JIIoboro n.
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Pemenne. CorlacHo JI0Ka3aTe/IbCTBy IIPe/iblIyeil 3a1a4qu, HaM J0CTaTOUHO BBIOPATH Takoe ¢, 4To-
o6t p? 1 (g +tp)P~' — 1. Ho

(g+tp)' ™" —1=(¢"" = 1) —tpg"? (mod p?),
IOITOMY €CJIH P> 1 gP~1 — 1, To MmoxkHO B3aTh t = 0, a ecn p? | P~ — 1, T0 MOXKHO B3aTH t = 1.

Teopema 2. IlepsoobpasHvie KOPHU CYULECMBYOM AUULDL N0 MOOYAIM 2, 4, P u 2p", 2de p — Heuem-
HOE NPOCMOE YUCAO, G N — HAMYPAADHOE.

34. [lokaxkure, 94TO Jjisi OTJUYHBIX OT YKA3aHHBIX B TeOpemMe MOjysell nmepBooOpa3HbiX KOpHEil Hne
CyILICCTBYET.

Pemenne. Ilycrs cnagana moayab m pasen 2%, Ecanm g — nepBooOpasHblil KOPEHb 10 MOIYJIIO 17,
t0 g = 1+ 2ty weuerno, a pas tax, o g> = 1 + 8; (mod m), g* = 1 + 16ty (mod m), ...,

27— 14 2%, , =1 (mod m). ITosromy g MOzKeT GbITH MEPBOOOPA3HBIM KOPHEM MO MOJLYJIIO 11
JIUIIL IpH o < 2.

ITycts Temeps m = 2°p{* ... p* — pasiozKeHne MO/ M Ha MPOCThIe COMHOKHUTETH. [Tomoknm
=@M ucg=1lmpuna=0,1c=2upua=2ucy=2*2upn a > 2. ycrs h = [co, ¢1, . .., cx].
Torma aist MOGOTO ¢, B3AMMHO TPOCTOTO C 1M1, IMeI0T MecTo cpasherns g" = 1 (mod 2%), (mod p§)
(3mech i = 1, ..., k). Bnaunt, no xuraiickoii Teopeme 06 octatkax ¢" = 1 (mod m). Tlostomy g
He MO¥KeT ObITh MepBoOOpa3HbiM KOpHeM, eciu h < ¢(m). Ho 3To 3aBejomo Tak mpu « > 2 (Torga
co = 2% < ©(2%) m [co, .. 0] < p(2%¢1...cx = p(m)), npu k > 1 (torma [co,c1,...,c] <
2% ...cp =p(m)),nupu k =2, a =1 (rorma [co, 1] = [2,¢c1] = &1 < 2¢1 = p(m)).

35. JlokazkeM, 9TO MepBOOOPA3HBIN KOPEHb CYIIECTBYET /I JI000r0o MpocToro Moayas p. Jas atoro
OC/IeIOBATEIbHO TOKAYKEM CJIEAYIOIIHe YTBEPIKICHH.

a) Hanx Z, (rme p — mpocroe) muOro4en cremenn d umeer ne 6osee d KOpHeit.

6) Iycts ab — mopsifiok gucaa x mo Moy o m. Torma b — mopsaaok ducjaa T Mo MOLYII0 M.

B) Ilyctb dy, ..., d) — BCEBO3MOMKHBIE TOPSIIKU BCEX BBIYETOB 10 MO0 p. PaccMorpum h =
[dy, ..., dg]. Vcnonb3ys paszioxkenue dncyaa h Ha MPOCTBIE COMHOYKHTEH, JOKAKUTE CYTIECTBOBAHUE
ePBOOOPA3HOrO KOPHS 0 MOIYJIIO P.

Pemtenune. a) D1o caencrBue Teopembl Besy: eciau xp — Kopenb Muorowiena f(x), to f(x) =
(x — x1) f1(x), mpuuem deg fi = deg f — 1. IIpomomxkas npornecc, nmoaydum He Oosee deg f KopHeit
MHOTOYJIeHA f.

6) [Iycrn T — nokasare/b uncia x® 1o moaymaio m. Torma acuo, uro T' < b, .. 2% = 1 (mod m).
C npyroit croponsl, (z%)7 = 297 = 1 (mod m), nostomy ab | aT'. 3nauut, T = b, uT0 U TPEHGOBAIOCH
JIOKA3aTh.

B) Ilycrs h = ¢ ... q/" — pasmoxenue h ma mpocrsie MuoxkuTenn. Torma Aasd KaxKaoro ¢; Haii-
aerca d = aq;". [lpumensist . 6), moJrydaeM, 94To eI MOPAJOK Yncaa & paBeH d (Takoe CyIIeCTByeT
COTJIACHO BBIOOPY e d), TO MOPSIOK Ircaa £ paBeH ¢;* . IlepeMHoKIM BCe MOJTY AIONIHecsT TAKAM
00pa30oM 4uciIa BUAA % U IPUMEHUM KHTaiicKyio TeopeMy 00 ocraTkax. [losyuaem, uro cymmecrByer
YUCJIO T TOpsaKa h mo moaymio h. C aApyroii cToponbl, Bce uncaa 1, 2, ..., p — 1 B crenenu h maior
1 mo monysto p, nosromy h > p — 1 cornacho n. a). OkoHuaTenbHO moaydaeM h =p — 1 u xg_l =1
(mod p), 9T0 U TPEGOBAIOCH JTOKA3ATH.

Samenwanue 3. Cpasdy 3Ta 3amada caeayer u3 3agadn 50.

36. /lokaxkure, 9T0 1€PBOOOPA3HBIX KOPHEH 110 MOJYJIIO M POBHO ¢(p(m)) mTyK (ecjau OHU ecTb).

Pentenmne. [lycth ¢ — purcupoBanublii IepBOOOPA3HBINH KOPEHD IO MOAY.TI0 m. Torma J10b6oit apyroi
epBooOpa3HbIi KOPeHb §' UMeeT BHI, gk JIJIsT HEKOTOPOTO HATYPAIBHOTO k. 3aMeTuM, ITO gk ABJIdeTcd
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1epBo06Pa3HbIM KOPHEM TOTJa W TOJIBbKO Torjaa, koraa (k,p(m)) = 1. Tlostomy mepBooOpasHbIx
KOpHeit B Tounoctu p(¢(m)) mryxk.

37. llyctb p — npoctoe uucio. [lig Kakux HATYpaJbHBIX k& UMeeT MeCTO cpaBHEHHE

—_

p—

i*=0 (mod p)?

o
Il
—

Pemenue. Ilycts ¢ — mepBoobpasubiil KOpeHb o Moay.to p. Ecau p — 1| k, To no Manoii Teopeme

p—1
®epma > i*=1+...+1=p—1 (mod p). Ecm e p — 1t k, T0 g* # 1 u Torna
i=1

p—1 p! k(p—1) _
=3 ghn g L _
n=1

i=1

0=

OTBert: upu a100bIX k, He KpaTHBIX p — 1.

38. llycts p — mpocroe uuciio. Jokaxure, yro ynciaa 1, 2, ..., p — 1 MOXKHO pacCTaBUTh MO KPYTy
TaK, 9TOOBI 11 JTIOObIX CTOAIMINX PSIOM dHcel a, b, ¢ uncio b — ac He memnaoch OBl HA P.

Pentenne. 3anuiieM Bce OCTaTKK KaK CTEIIEHH II€PBOOOPA3HOI0 KOpHs ¢. Toraa Tpu coceIHUX YHCIa
g%, ¢° ¥ g7 OIIKHBI YIOBIETBOPATH YCIOBHIO P " ¢*® — g uTO PAaBHOCHILHO YCIOBHIO o + 7 Z 23
(mod p). Takum 06pazoM, JOCTATOIHO PACIOTIOKHUTH OCTATKH MO MOJYJIIO P (SBJISIONIAECS CTENeHsIMU
I€PBOOOPA3HOTO KOPHS ¢) Tak, YT00BI HUKAKHE TPH COCETHUX YhCJIa He 006pa3oBbiBain Obl apudme-
TUYECKYIO porpeccuio. /Ijisg 3Toro pacnoyioXkuM OCTaTKH 10 KPYTY, pa300beM UX Ha Mapbl COCEIHUX
(1;2), (3;4), ... (Bce, kpome 0) u moMeHsieM YncJIa B Kaxk1oil nape mectamu: 0, 2, 1, 4, 3, . ... Jlerko
BUJETH, UTO TaKas PAcCTaHOBKA TTOIXOJIHT.

39. Jlokazkure, 9TO JJisi JEOOOTO HATYPATBHOIO N HARIETCS TAKOE HATYpaabHoe m, uato 3" | 2" 4-2018.

Pentenmne. [lockonbKy 2 gBigercd mepBooOpa3HbIM KOpHEM 0 Mojay.aio 3" coriacHo 3ajade 30, To
JUTST KAzK10r0 (PUKCUPOBAHHOTO 1 MOXKHO HalTH Takoe m, 9robbl 2™ = —2018 (mod 3"). Ono u Gyaer
NCKOMDBIM.

10.5. Kpyrosbie MHOTO4JIEHbBI

40. lokazkure, 4ro ecau p — upocroe, 10 Pp(z) =1+ + 22 + ... +aP ™.

Pemenne. B camMoMm fiesie, TOCKOIBKY p MPOCTOe, TO JT00O0e HATypPaJbHOE UHCIO0, MEHBbIIee p, B3a-
HMHO 1pocTo ¢ HuM. [losromy Bce KopHE p-ii crenenu u3 1 BoiayT B cocras npousseenust ,(x) =

[T (z—&)
(k.p)=1
41. Toxkaxure, uro [[ $4(x) = 2™ — 1. B wacruocru, @, (x) | 2" — 1 u Y ¢(d) = n.

dln din

Pemenne. 3amerum, ato crapiinue K03 MUIIMEHTH MHOTOUIEHOB CJIEBA U CIIPABa COBIAIAIOT, TI09TO-
MY JIOCTATOYHO JI0KA3aTh, YTO COBMAJAIOT MHOXKECTBA HX KOpHeil. lIycTs £ — mpom3BoJIbHBIN KOPEHD
n-it crenenu u3 1. Torga paccMoTpuM HauMeHbIIee HaTypaJjbHoe d, Takoe, uTo ¢ = 1. Slcno, uro d | n
(B IPOTUBHOM CJIydae OCTATOK ' YHCJIA N O MOAYIIO d ObLIT Gbl MeHbIne d, U GBLIO OBl BBIOJIHEHO
paserctBo {" = 1). Torna £ — xopenb muOrowiena ®4(x). O6parno, Kax bl KOpeHb & MHOTOUYIeHA
®y(x) mpu d | n seasercsa kopuem crerenn n w3 1, .. (€9)" = 1. Taknum 06pa3om, MHOZKECTBa KOpHeit
MHOTOYJIEHOB CJIeBa U CIIPaBa COBIAIAIOT, & pa3 TaK, TO COBIAJAIOT U CAMH MHOTOYJIEHBI.
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IIpu d = n mony4aaem, aro O, (z) | 2" — 1.
Bamerum, uaro deg Pq(x) = (d) prs moboro narypaabaoro d. IlpupasruBas cTeneHn MHOTOYIC-
HOB CJIeBa W clipaBa, mojaydaeMm » | ¢(d) = n.
dn
42. lokaxure, uro @, (x) € Z[z].

Pemenne. Bynem Bectu gokazarenbctBo uHaykiwmeit o n. Jnsg n = 1 nmeem &4 (z) = x — 1. Ilycrn

" —1
yTBepzKIeHne cupaseinBo st Beex d < n. Torma w3 3amaun 41 caenyer, uro O, (z) = W
d\x
d|n,d#n

— OTHOIIIEHHE JIBYX MHOTOUJICHOB € HEJIBIMUA KOIDDUIuEeHTAMU. SHAYHT, KOIPPHITUEHTH MHOMOUICHA
®,,(x) pannonansusl. Ho Torma w3 memwmbr Naycca ciaemyer, 910 91 KOI(DOUIUEHTH TOJTKHBI OBITD
1EeJIBIMHU, 9TO B TPebOBaJIOCH JI0KA3ATh.

43. [lycth p — npousBojibHOE POCTOE Yucji0. /lokaxKure, 4T0

O, (2P), ecmup|n O, (2"), ecmmp|n,
By () = o) P Gpa) =4 )
To) e p I n. m, ecaun p 1 n.

Pemenne. fIcHo, 9T0 Bropoe paBeHCTBO CJIEAyeT U3 IMEePBOTO, IO3TOMY JOCTATOYHO JOKA3aTh JIUIID
nepsoe pasencTso. Ilycrs p | n. 3amerum, uro kopuu MuorowienoB $,,(r) n &, (2P) comanaror:
ecn e?™*/m — pece kopru Muorowtena ®,(x), To (k,n) = 1, mostomy (k,p) = 1 m >™* /(pn) — Bee
KopHE MHOTOWIeHOB D, (2P) u D, (z). T.K. 9TH MHOTOWIEHBI ABJISIOTCA NPHUBEIEHHBIMA, TO U CAMH
OHH TaKzKe COBIIAJAIOT.

Iycrs p { n. Bamerum, uro ecian e?™F/™ — pee xopun muorowtena ®,(x), ro (k,n) = 1, n
e*™* /(pn) — Bee kopuu muorounenos ®,, (xP). Ouu GyayT kopuamu muorousena ,, (), eciu u TOIbLKO
ecm (k,p) = 1. Tlostomy n3 muoxkecTBa Kopreit e?™* /(pn) muorodnena @, (2P), e (k,n) = 1,

HY?KHO BBIODOCHTH MHOZKeCTBO KopHeii 2™ /n muorounena ®,(x). Ilocko/ibKy Bee paccMaTpuBaeMble
MHOT'OYJIEHBI ABJSIOTCA TPUBEJICHHBIME, OTCIO/IA CJIeIyeT TpebyeMoe paBeHCTBO.

44. a) okaxure, uro MHOTOWIEeHB P, () U P, () B3AUMHO MPOCTHI.
kn

x j—
0) Hokaxure, 4r0 $pyp () | —w b kE# 1.
" —

B) lokazure, uto ecmu uncna ®,(k) u ®,,(k) me B3aMMHO DPOCTBI, TO © ABIACTCA CTENEHBIO

HEKOTOPOIO IPOCTOr0 4ucJia (BO3MOXKHO OTPUIATEILHOI).

Pemenune. a) 3amerum, uro muorowrensl O, (z) u @,,(r) nuMer0T HemepeceKaoNHecs MHOKECTBA
KOpHeii, MO3TOMY OHHM B3aWMHO ITPOCTHI.
6) 3ameTuM, 9TO

2 — 1= ] @ale) = (H@d(x)) : ( I1 @d(x)> — (" 1) By ().

dlkn din d|kn,din

B) Ilycts p | @,(k) u p | $,,(k). Bamensiga npu HeoGxomumocTn k Ha k + [p, MOKHO CIATATH, YTO

k> 0. Ecimu p = 2, TO m u n G9BI4I0TCA CTelleHIMHU JIBOUWKH. B camom nese, ecniu m = gmy, 1Jie ¢ —
m

T Ela=m 4 k™ 4 1. Ho mocsieqnss cyMMa,

pocToe HedeTHoe Iucao, 10 2 | O, (x) |
BCETJIa HEYETHA — IPOTUBOPEIHE.
Teneps miyets p > 2. Tk, p | @,,(k) | k™ — 1 n, amamoruano, p | k" — 1, To p | k(™™ — 1. Bamernm,

m n
YTO OTHO U3 UHCEJ ( ) AN ( ) He JiesiuTed Ha p. be3 orpanudenus oOmuocTu OyieM CYATATD,
m,n m,n
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n
9TO ﬁ He jgeurcd Ha p. Torga no LTE-1 umeewm:
m,n

K — 1, = [k — 1 +HLH
I = 1 = [ = 1+ | s

k" —1
Ecau (n,m) < n, to rorna O, (k) | Ty 0 1TO HEBO3MOJKHO, T.K. JIeBast TACTh AGINTCS HA D, 2
npaBas HeT. 3uadnt, (n,m) =nun | m.

m
JlokazkeMm, 9T0 — ecTh crenenb uncaa p. [peanosoxkum, aro ¢ | —. Torma
n n

p| ®p(k) | k" =1 k™7 —1.

Em—1

o LTE-1 ||k — 1, = [K™/4 — 1]l + llall, = [Ik"/¢ = 1]|,- Ho @, (k) | kmla — 1’

T.K. JieBad 9aCThb JACJUTCA Ha P, a IIpaBad HET.

4TO HEBO3MOXKHO,

45. Tlycrs m n n — uensie unciaa u p — upocroit geaurens ®,(m). Tormga gubo p | n, mubo n | p — 1.

Pemenue. [Tycts p | ,(m), npugem ptnuntp—1. Tx. p| ®,(m) | m™ —1, ro p{m u no maoi
teopeme Pepma p | mP~t — 1. BuaunT, p | m™P~Y — 1. Ho n{p — 1, mosromy (n,p — 1) < n. Kpome

p

TOrO, T.K. p{n, T0 p1 —(nfm). Hanee, o LTE-1 nveem ||m” — 1]|, = ||m™»=D —1]|, + H—(n,p Y
m" —1

(nvp_l) J— —_—mm

Im Ulp- Ho @n(m) | —c——

JacTh JEJUTCS Ha p, a nmpaBasd HeT. [loaydaem mporuBopedne.

coriacHo 3a7ade 44 1. 6), 9TO HEBO3MOXKHO, T.K. JieBas

46. JIokazKuTe, 4To 1Jist JTH000r0 HATYPAILHOTO N CYIIECTBYET OECKOHEYHO MHOIO HPOCTHIX YHCEN ],
Takux, 4ro n | p — 1.

Pemenne. Cornmacno 3agade 4, y 3HadeHne MHOrowieHa @, B IEIBIX TOYKAX OECKOHEIHO MHOTO
npocThix Jenureseii. Eciu p — oaun n3 Takux npocThIX Jenaurteseil, To u3 3ajga4un 45 ciaeayer, 4To
60 p | n, 6o n | p — 1. Ho npocThix unces, ymIoBJIETBOPSIONINX YCIOBHIO P | 1, KOHEYHOE YHCJIO.
BHAYUT, TPOCTHIX YIOBJIETBOPSIONUX YCJIOBUIO N | p — 1, GECKOHEYHO MHOrO, 4TO U TpeBOBAIOChH
JIOKa3aTh.

47. [Iycts p — npocrtoe gucio. JJokaxkure, 9TO CYIIECTBYET TaAKOE MPOCTOE YUCJIO ¢, YTO JJId JII0HOTro
HATypaJbHOTO N Iucjao n? — p He JeUTCs HAa (.

Pemenne. Paccmorpum auciao @,(p). Hockonbky ®,(p) = p + 1 (mod p?), y Hero cymecryer
HPOCTOl JeuTeb ¢, Takoii, uro p? f ¢ — 1. Torpa 1o saxade 45 umeem p | ¢ — 1.
21
[TpeamoozkuM, 910 HANUIOCH Takoe n, uro n? = p (mod ¢). Torma qu =n?! =1 (mod q),

— 1 = p — 1, IOCKOJIBKY (%,p) =1 (k.

g—1
=

OTKyILaq|pp—1Hq\p%l—l. 3Han/IT,q|p(
p?tq—1). lonyqaerca, uro g | p— 1 u p | ¢ — 1 — nporusopeyne.

48. Ilyctb pyq, ..., pp — pa3JIHUIHbIe TPOCTHIE YUCIa, OoJibinue 3, u N = 2P1-Pk 4 1. JlokaxKuTe, 4TO
k—1 .
y unciaa N ecTh XoTd 661 22 fmesmuTeseii.

Pemenne. 3aMeTnM, 4T0 JOCTATOYHO TOKa3aTh, 4TO y aucaa N ecTh xoTa 661 2871 mpocThix genn-
Tesei.
Crioco6 1. 3amuiem mMenovdky npeodpa3oBaHmii:

[T ®a2)

22p1-pk _ d|2p1...px
N — 9P1-Pk 1] — — = Dy,(2).
=+ 1Pk — | T ®42) H 24(2)
dlp1..-pk dip1.-P
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B nocirenneM Tpom3BejieHHH B TounocTH 2F MHOMKMTeed. Ecau MBI HaifeM MO OJHOM IIPOCTOMY
JIGJTUTE/TIO B IIOJIOBUHE U3 HUX M JIOKAXKeM, 9TO OHU PA3JIMIHBI, 3aja49a Oy/IeT pelleHa.

st sToro Beibepem Bee d | py ... pg, COMEPIKAIIIE HEUETHOE KOJIUIECTBO MPOCTHIX MHOXKHUTEIEH
p;. OueBmano, Takux dmces Oyuer B Tounocru 2871 PacemMoTpuM Temepnh HpocThie JAenTeId ¢y
ances Poy(2). 3amernm, 4TO ecau Harmesacs OO TPOCTOl JeJUTe b ¥ ABYX TAKUX YHCEJ, TO CO-
rIacHo 3a1ade 44 1. B) OTHOIIEHHe JejuTesell TO0JKHO ObITh DABHO CTEMeHH IIPOCTOTO YHCIA, YTO
HEBO3MOZKHO, T.K. 9TO OTHOIIEHUE COJIEPKUT XOTd Obl JBa IPOCTBIX YUCHA D;, ;.

Cmocob 2. Yops1o4uM BCeBO3MOXKHBIE TPOU3BEICHNS HAIIUX MIPOCTHIX THCE 110 BO3PACTAHUIO:
ny < ng < ...< Ngk—1. 3aMeTUM, 4TO YucaI0 N AeauTcs Ha Bce ducaa 2™ + 1, mpuueM 10 TeopeMe
3urMon M y Kaxka0ro duciaa 2™ + 1 ecTb mpoCToil JIenTe /b, KOTOPOro Her y gucena 2 + 1 upu
n; < n,;. Ho sTo o3na4aer, uro y uncaa N Oyjer He MeHee 2F=1 npocThIX jgesnTeseil — OT KayKJI0ro
quc/ia 2™y Hero Oyjer Kak MUHUMYM OJIUH IIPOCTOf JIeJTUTE b, YTO H TpeboBaI0OCh J0KA3aTh.

' —1

P y® — 1 B 1eJIBIX YHC/IAX.
l’ J—

49. PemuTh ypaBHEHHE

7
' =1
Pemenne. 3anumem ypaBHeHUE B BHIE .
x —_—
npoctoii aeautens jesoii yacru. Torma p | ®7(x), mosromy aubo p = 7, smbo p = 1 (mod 7). D1o
O3HAMAET, 9TO JIOOOH JeTUTeNb JIeBOH JacTu mbo KpaTeH 7, mbo JaeT OCTaTOK 1 Ipu JeseHnu Ha 7.
Bnaunt, y —1 = 0 wau 1 (mod 7). Ho B nepsom cayuae y = 1 (mod 7) m y* + 32 +y?> +y+1 =5 (mod
7), a Bo Bropom ciyudae y =2 (mod 7) u y* + 3> + y* + y + 1 = 31 = 3 (mod 7) — uporusopeuue.

= (y—1)(y*+y3+y*+y+1). [lycTsb p — NpOU3BOIBLHBII

50. /lokazkuTe, 9TO MyJbTUILIHKATHBHAS rpynna K* moboro konednoro mojs K sBisercs mukin-
YeCKOI.

Permtenne. Ilycrs nosie K cocrour u3 n + 1 ssemenra, Torma ero My IbTHILIMKATHBHASL IPyIa (T.e.
MHOKECTBO Bcex sj1eMeHTOB, Kpome 0) K* cocrout u3 n anementos. [To Teopeme Jlarpanzka mopsiok
dJeMeHTa TPYIIIBI JIEJIUT MOPSII0K 3TOH TPYIIBI, CJegoBaTe/JIbHO, IJs JII00oro 3jementa a € K*
uMeeM a” = 1, T.e. Bce aementnl K> gpisiorca kopuamu ypapuenus x — 1 = 0. Torga

H(x—a)zx”—le@d(x).

acKX d|n

Buaunt, Muorowien @, () umeer posuo p(n) kopueir B K* (u, 3nauutr, xors 6o onun). Ero kopun
SABJISIOTCA 3/eMeHTaMu rpymibl K mopsika n, To ecrh MK/InIecKas rpymmna, o0pa3oBaHHas Jio0bIM
M3 HUX, COAEPIKUT 7 PasJIMUYHBIX 3JEMEHTOB ¥ J0JKHA COBNagaTh co Bceil rpymmoii K*. Orkyna
cJlejlyeT IUKJIMIHOCTD 3TOM IPYIIIBL.

10.6. HenmpuBoauMOCTh KPYTOBBIX MHOTOYJIEHOB

51. (kpurepuit Diizenmnrreiina) [lycrs P(x) — npuBeeHHbBIH MHOTOUIEH ¢ HEJbIMI KOYDdDUIeHTaMu,
npuyYeM Bce ero KoadOUImenThl, KpoMe CTApIIero, JAeJsITca Ha HEKOTOPOe IIPOCTOe P, a CBOOOMHBI
wjien He jesurtcs Ha p°. JTokaxkute, uto Muorousnen P(x) nenpusogum naj Q.

Pemenune. [lycts P — f - g — pasyioxenne mMHOTOWIeHa P B mpousBejieHue JIBYX MHOTOUJICHOB
HEeHYJIeBOl CTeleHH. 3aluiieM

P(z) = 2" +an,_12" 4. . daxtag, f(x) = bpat+bp_ 1284 Abia+by,  g(2) = cpar™ Femo12™ L A2

vie a; € Z u by, ¢; € Q. o siemme Taycca moxkHO cunrars, uro b;, ¢; € Z. Torpa ag = boco u p | ao,
noaromy Jiu6o p | by, mbo p | ¢p, HO He TO U JPYroe OJHOBPEMEHHO, T.K. p { ap. Be3 orpannyuenus
obIHOCTH GyIeM CauTaTh, 910 P | bo.
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Bce koaddpurimenTs MHOTOUIEHA f HE MOTYT JIGJIUTHCS HA P, T.K. HHAYE HA P JEJUJICST OBl CTAPIIHit
WieH MHOTO4WIeHa P, 9To HeBO3MOXKHO. IlycTh ¢ — HamMeHbIIUii WHIeKC, Takoii, yro p 1 b;. Torma
a; = b;co + b;_1c1 + ... TaKXKe He JEJHUTCS HA P, MOCKOJBKY BCe cJaraeMble B TPABOU YacTH, KpOMe
nepBoro, jessrcs uHa p. [losydennoe nporuBopedne J0Ka3biBaeT Kpurepuii Ditzentnreiina.

52. Jlokazkure, 4To 171 IpocToro p Muorodaen O, (x) menpusogum uax Q.

Pemmenne. 3anumem

o= _(E-D+)" Zp:c*;(a: Ly

r—1 r—1

[Tpumennm kpurepnii Ditzenmreitna Kk Muorowreny ®,(x —1). Kaxkaprit ero koaddurment C;; KpaTeH
P, IpuYeM CBOOOIHBIN 4IeH C; = p He xpaten p2. [losTomy 1o KpuTepuio Dil3eHITITEHHA IOy IaeM
HepUBOANMOCTE MuOrOUIeHa O, (2 — 1), a 3naunt, u Muorowrena $,(x).

53. Ilpeqmonoxkum, uro @,(x) = [[ Q:(z), roe Q; € Q[z] menpusomumver u s > 1. [Tycrs Takxe
i=1

m = deg 1 < deg (); s Beex i.
a) OGo3HAIUM Yepe3 Ty, ..., T, (KOMILIEKCHBIE) KOPDHH MHOrouwIeHa (Qp. Jlokaxkure, 9r0 sl

— m
mo6oro k muorowten Qp(z) = [](z — 2%) umeer nenbie kosddumuenTsr.

i=1
6) Hokaxure, ato ¢, = [] ka
k:(k,mn)=1
B) JloKaxkure, 9TO CyUIecTBYeT Takoe k, 9TO Qs # (1 u upu sToM cpasherue p = k (mod n)
uMeer DECKOHEYHO MHOI'O PElIeHUil B IPOCThIX YUC/IaX.
F) BaBeleHTe A0Ka3aTC/JIbCTBO T€OPEMbI O HEIIPUBOAMMOCTH KPYT'OBBIX MHOI'OYJIEHOB.

Sameuwanue 4. JJannoe mokazareabcTBo caeayer paccyzxaerusam A. 9. Kanens-Benopa u3 crarbu «O
KPYTOBBIX MHOrOWwIeHax», Maremarndeckoe [Ipocsemmenne, cep. 3, o 8 (2004), c. 181-184.

Permenne. a) Samerum, 410 K03GHUIUEHTH MHOIOYICHA @k SABJISIOTCH CUMMETPUYECKUMU (PYHKITU-
SAMH OT Tq, ..., L. 1L03TOMY 3TH KOI(DMUITUEHTHI TOJTUHOMUAIBHO BBIPAZKAIOTCH Yepe3 3JaeMeHTap-
HbI€ CUMMEeTPpHUYICCKUE MHOTOYJICHBI OT T1, ..., Lyy,. 9TH dJIeMeHTapHbl€e CUMMETPpHUYIECKHEC MHOT'OY1JI€HBI
ABJIAI0TCA HeJIBIMU YMC/IaME 110 Teopeme Buera, T.K. ¢ TOYHOCTDIO /10 3HaKa OHM PaBHBI KO3 dunuer-
TaM MHOrowieHa (1. 3Ha4uT, KOIMMUIUEHTH MHOTOUIEHA () TaKKe OyIyT MEeJbIMU YUCIAMHU, UTO
1 TPebOBAJIOCH JOKA3ATh.

6) 3ameTuM, 4TO YHCIA X1, ..., Tp ABIASIOTCS NPUMHTHBHBIMU KODHSIMH N-# CTENEHU U3 eJH-
uurpl. Torma ecom (k,n) = 1, To gncia :Uf TakKe Oy/IyT ABAATHCS MPUMUTUBHBIMU KODHSAMU N-it
CTeNleHN U3 eWHAINBL. SHAYUT, 9HCJA0 T+ Gyaer KopHeM HeKOTOporo MHorodaesna (Q;. Ho mockombky
(QQ; venpuBoauM u deg (Q; > m = deg @k, 10 Q; = @k O6parHo, B34B J11000il MHOrOwIeH (), HaliaeM
Takoe 1, 9T0 ] Oymer ero kopueM. Torga (); copmamaer ¢ Q..

B) PaccMOTpUM MHOYKECTBO TAKHX OCTATKOB k MO MOJIYJIIO 7, 4TO CNQk =@ = @1. DTO MHOXKECTBO
aBagercs noarpynnoit G C Z;. llpu sToMm B cmty npuBoguMocTu MHOrodw1eHa $,, sta moarpynma me
cosuajiaer co scem Z;. llo 3ajaue 7 naitjerca raxkoe kg, 41o ék’o # ()1, upudeM it GECKOHEUHO
MHOI'HX IPOCTBIX P BBHIMOJIHsIETCs cpaBHenne p = ko (mod n), uro u TpeboBasoch 10Ka3aTh.

r) PaceMoTpum pesyKiun MHOTOUIEHOB éko u ()1 IO MOJYJIIO JIOCTATOYHO OOJIBITOTO MPOCTOTO
P, yaAOBJIeTBOpsiIoNiero cpasuenuto p = ko (mod n). Torga ¢ oJHON CTOPOHBI BCE KOPHU PEIYKIIUH
CNQk COBIIAJIAIOT ¢ KOPHAMHU PeJyKIud (1, & HOTOMY PeJyKIHH MHOTOYJICHOB @k 1 (1 IO MOJIYJIIO P
JIOJIKHBI coBacTh. C Apyroit cTopoHbl, Q) # (Q1, TOITOMY TPH JOCTATOYHO OOJBIIHX P UX PEIYK-
O JOJIZKHDBI 6bITb Pa3JIMYHBIL. HOﬂy"IeHHOG IpoTUBOpEYHnEe J0Ka3blBa€T T€OpeEMY O HEIIPpUBOAUMOCTHU
KPYTroOBbIX MHOT'OYJIEHOB.
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10.7. Teopema 3urmMmoHaMn

54. Jlokaxxure, 4To p | 7.

Pemenne. Ilo 3agade 44 p | ®,(a) | %—=. Ilo LTE-1

ak—1
n n
la” = 1, = lla* = 1l + || 3] =1,
p

OTKyJa p | %, 9TO U TPeOOBATOCH TOKA3aTh.

B wactrocTH, oTcoga ciemayer, 9to p | n.

55. I[lycte n = p®q, tae p 1 q. dokaxure, ato p = 1 (mod ¢). Orciona cieayer, 910 p — Hauboabwu
npocmoti desumens THCIA N.

Pemenue. [1o 3amage 43 nveem p | @,,(a) | ®,(a?”). [To manoii Teopeme Pepma 0 = &, (a?”) = D, (a)
(mod p), nosromy 1o 3amade 45 g | p — 1. Bnauut, p > ¢, 910 U TPEGOBAIOCH JTOKA3ATD.

56. Jlokazkure, 910 ecam p =2, T0 N = 2 1 a + b — cremneHb JABOWKH.

Pemntenne. Coracuo 3aga4de 55, 2 — 910 HanboJibIIuil gejguresib n, 3Hadut, n = 2% Ho Ttorga mo
3ama4de 43
a—1
D, (a) = Poa(a) = Dy(a®" ) = ®,(a"?) = a™? + 1.
[pu n > 2 uveem a™/2 4+ 1 = 2 (mod 4) — nporusopeune. 3HaunT, n = 2 U a + b — cTeneHs ABOHKH,
4TO U TpeDOBAIOCH JOKA3aTh.
57. JHokaxkure, uro ecau p > 2, 10 ||y, (a)|l, = 1.

a™—1

EEEjT.:gaMeTHNL

Pemenne. fcuo, aro ||®,(a)l|, > 1. C mpyroii cropoust, no 3azate 44 O, (a)

a0 110 331a4e 55 p | ®ea) | a? — 1, nosromy p | a™? — 1. Torna no LTE-1

a —1 N .
il =l = 1l = ™ =1, = [, = 1.

Buauut, ||®,(a)ll, < 1, orkysa nosydaem rpedyemoe.

58. [lycts n = p%*q, tae pt q.
a) Jokaxwure, aro ®,(a) > p npu a > 1.
6) Jokaxwure, aro ®,(a) > prupu a =1 u a > 2.
B) Jokaxure, uto ®,(a) > p npu o = 1 u a = 2, 3a uckI0YeHHEM caydas n = 6.

Pemenne. a) meen:

910 U TPedOBAJIOCH JIOKA3ATh.
6) Nmeem:

9TO U TPeDOBAIOCH JOKA3aTh.

B) Vmeem:

g P __
D, (27) > 2P — 1
Dy(2) 3

d,(2) = > p
npu p = 5.
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[Tpu p = 3 umeem n = 3¢, npuuem ¢ = 1 umm 2. Ecu n = 3, 10 $3(2) =22+2+1=7> 3. Ecim
n =6, o ®g(2) = 22 — 2+ 1 = 3, 4TO JaeT BTOPOE HCKJIOYCHUE B TeopeMe SUIMOHIU.
TeMm caMbIM 11.1 TeopeMbl 3UTMOHIN ITOJHOCTBIO JOKA3AH.

59. Jlokazkute 1.2 TeOpeMbl SUT'MOH/IH.

Pemenue. I1o 1.1 TeopeMbl 3urMonay y yucia a’® — b* cymecTByeT IIpocToil Je/uTeNb p, KOTOPOro
HeT y uncen a¥ — b* aid Beex k < 2n, KpoMme caydaeB n = 1 # a+ b paBHOTO CTeIeHH IBOWKN U N = 3,
a=2ub=1. B uacrnocru, p ne gemur a’* — b* = (a* — b*)(a* + b*) ana veex k < n.

Taxmm 06pa3omM, ZOCTATOYHO TPOBEPUTH Caydaii n = 1 u a-+b paBHOM cTelmeHn ABONKN. 3aMEeTHM,
uTo uncsia a u b nevernsl, nosromy a’ + b* = 2 (mod 4). Kpome Toro, a® + b? > 2. Takum o6pasom,
Yy 4HCIIa a®? + b? ecau HedeTHBIH MPOCTOH JETHTENb, KOTOPOTO HeT y 4ucaa a + b. 910 3aBepimaer
JIOKA3aTeJIbCTBO TEOPEMbl SUTMOH/IH.

60. HaiiTn Bce pemenns ypaBHEeHHS

B HATYPaJbHBIX YHCJ/IaX.

Pemtenne. Ecan a > 3 u n > 3, To no Teopeme 3urMoH i y uncjaa a” — 1 ecTh NPOCTOI AeInTe /b,
kotoporo Her y uncen a? — 1, a? — 1 u a” — 1. Ocramock paszobparh caydam a = 1, a =2 un = 1,
n = 2, n = 6. [IpocTteiM mepebOpoM JIerko yoeauThes, 4To MOAXOAAT ¢ = 1 | Jiodble n, p, q, T, a
Takxke a =2, n=06,p=3,qg=r = 2.

OtBeT: a = 1 u 1obBIE N, P, ¢, T, A TaKKe a =2, n =6, p=3, ¢ =1 = 2.

61. Haiitu Bce HATYpaabHBIX YHCIA @, M, N, Takue, 910 a™ + 1 | (a + 1)".

Penternne. 3ametum, uto a = 2, m = 3 u n > 2 noaxomgdr. iag a > 1 u m > 2, OTJIMIHBIX OT
napsel (2,3), pertennii Her no reopeme 3urmonau (T.K. 4ncso a™ + 1 coiepKuT mMpocToil esnTen,
KoToporo Her y uucaa a + 1). Caydan a = 1 wim m = 1, 09eBH/IHO, TAIOT DeIeHusl.

OTBer: a = 1, m, n jgw0bdwIe; a Jr0doe, m = 1, n aw0boe; a = 2, m = 3, n Jrobdoe.

62. HaiiTu Bce Takme HATypaJbHbI YUCIA T, P, N, T’y TAKUE, 9TO p npocroe, n, r > lu 2" — 1 = p".

Pemenue. 1o Teopeme SUTMOHIT PEITEHASMI MOTYT OBITEL AL ¥ = 2,7 = 6w r = 2u v+1 = 2F,
[TepBriit cayyaii He Jaet perreHuit, a BO BTOPOM p = 2 u

"= —1=(x—-1D(z+1)=2"x-1),

orkyra © — 1 = 2" % Ho Torna x + 1 m o — 1 — pasamvaromuecs Ha 2 CTCNCHH JIBOHKH, TTOSTOMY
r=3un=3.
OrBeT: v =3, p=2,n=3,r=1

63. Haiitu Bce narypasnbubie pelenus ypasuenus p* — y? = 1, rae p — upocroe.

Pemienmne. [lepenumem ypasuenue B Bujie p* = yP 4+ 1. llpu y = 1 nonyyuaem pemtenue p =2 u v = 1;
npu y = 2 u p = 3 noaydaem permenne r = 2. [Ipun Bcex oCTaJbHBIX y§ W P IO TeOpeMe 3UTMOHIH
y ancyaa y? + 1 ecTh mpocToit Jeauresb, Koroporo Her y umcaa y + 1. Ilockonbky y + 1 | yP + 1
(T.K. p HeYeTHO), v gncia yP + 1 ecTh He MeHee JBYX PA3JIUYIHBIX MPOCTHIX JeJIHTeNeil, U y HAIIEro
yDaBHEHUS HET DellleHwuil.

Omer:z =1, y=1,p=2uzr=y=2,p=3.

64. Pemutn ypasnenne 5% — 3¢ = 22 B HaTypaJIbHBIX YHCIAX.

Pemenune. Paccmorpum ypasuenue 10 moayJio 3. T.k. 34 z, ro 22 = 1 (mod 3), orkyna © = 2w —
YeTHOE. SHAYUT,

3 =5 — 2% = (5" - 2)(5¥ + 2).
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[Mockonbky (5% —z,5%+2) = 1,105 —2z = 1 nu 542z = 3Y, mpuuem y > 2. CkiapiBasi 5T PABEHCTBA,
HaxomuM 2 - 5Y = 3Y + 1. g y = 2 nonydaeM w = 1, OTKYJa HaXOJUM pellleHne T =y = 2 1 z = 4.
Hns y > 3 no TeopeMe 3urMonau y quciaa 3Y 4+ 1 ecTb TpocToil JeIUTEIb, KOTOPOro HET Y YUC/Ia
32 +1 = 10. Ho rorna uncio 2 - 5% JOJZKHO JIJINThCA Ha 3TO IIPOCTOE, 9TO HEBO3MOKHO. Taknum
obpaszoM, JPYTHX PeIieHuil HeT.

OtBer: v =y =2, 2 = 4.

65. Haiitu Bce HarypasbHble perenns ypapaenus p® — 1 = 2"(p — 1), rae p — mpocroe.

Pemenne. Ouepuao, 9to p HeveTHo. Jlokazkem, 9T0 YUCTI0 @ JOJIKHO OBITH TPOCTHIM. [IycTh a = uv,
e u, v > 1. Torga mo Teopeme 3urmonan qncia p* — 1 ecTh TPOCTOH JIEJINTEH, KOTOPOTO HET Y
p— 1. C apyroii croponsl, p* — 1 | p* — 1 = 2™(p — 1), HO3TOMY ITOT MPOCTOM JETUTETH MOKET OBIThH
TOJBKO JBOMKoI. Ho 2 | p — 1 — mporuBopeune.

Nrak, a upocroe. IIpu a = 2 nosydaem p = 2" — 1, 1.e. p — npocroe uucao Mepcenna. Ecin xe
@ HEYETHO, TO MO TeopeMe SUIMOHAM ducao p* — 1 = 2™(p — 1) mo/MKHO MMeTh [POCTON IeJnuTelb,
KOTOpOro uet uucjia p — 1. Ho Takux mpocThIX He CyIIECTBYeT — MPOTUBOpPEUHE.

OtBer: a = 2, p = M,, — upoctoe uucyo MepceHHa.

66. PemuTh ypaBHEHHE
(a+1)(@®+a+1)...(a"+a" ' +. .. +a+1)=a"+a" ' +.. . fa+1

B HAaTypaJIbHBbIX YHCJIaX.

Pemenue. 3averuMm, aro m = n = 1 naer penterue. Takxke npu a = 1 ecrb pemenne m = (n + 1)L
Ilpu m >n > 1u a > 1 gomHOKHM 06e dacTu ypasHerus Ha (a — 1)™. [losyunm ypaBHeHue

(> —1D(a®—1)...(a"™" —1) = (@™ - 1)(a—1)".

ITo Teopeme 3UIMOH/IM eJMHCTBEHHOE PellleHre 3/1ech BO3MOKHO P a = 2 1 m + 1 = 6, II0CKOIbKY
B IIPOTUBHOM cJiydae y 4uciaa a™ ! — 1 ecTh mpocToil fenuTenn, Kotoporo ner y a® —1, ..., a" ™t —1.
Oanako npu a = 2 u m = 5 MEJ0r0 N HE CYIIECTBYET.

OtrBer: m =n =1, a m060e u a = 1, m = (n + 1)!, n aw060e.

10.8. Pa3HbIe 3aga4un

67. Jlokazkure, 4TO CyIIECTBYeT Takoe HaTypajbHoe 1, 910 8" + 2018 gesmrea na 52918,

Pentenne. 3amerum, uTo 8 SABIAETCA MEPBOOOPA3ZHBIM KOPHEM 10 MOAY./IIO H" 1111 JIF0O0T0 HATYpab-
noro n. B camom siesie, mycrs T — nopsiyiok uucia 8 no mojysio 5. Toraa 87 = 1 (mod 5), nosromy
T = 4t. Torna o LTE-1 nony4aem:

n < 8" — 1|5 = 4096 — 1[5 = [|4096 — 1|5 + [|tlls = 1 + [[¢]ls,

orkyma t > 5" u T > 4-5"1 = p(5"). Buaunr, T = ¢(5").
Tenepn BoiGepeM Takoe n, yToOb 8" = —2018 (mod 5%°!8). Ono u GyaeT HCKOMBIM.

68. CymecrByer Jin Takoe HaTypaJgbHoe N, uro y unciaa N B Touroctn 2019 nmpocTwix gennteneii n
N |2V 417

Pemntenne. /lokaxkem, 9To i1 JIFOG0I0 HATYPAJIBHOIO M CYIIECTBYeT Takoe 4ucjo N, y KOTOporo B
TOYHOCTH M MPOCTHIX JeanTestei u koropoe geant 2V + 1. Bynem BecTn J0Ka3aTe bCTBO HHIYKIHEH
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(62473

o m. IIpu m = 1 moxno B3sath N = 3. Ilycrs Mbr moctpomsn ancio N = pi* ... po
TOYHOCTH M TPOCTHIX JeanTesei u geramee 2V + 1. SlcHo, uto Bee p; medernsl. IlycTn

, IMefoTIiee B

H2N + 1Hpi = 6@ Z o,

|2V + 1. Cornacno LTE-2, niag 1060ro HATYPAJLHOTO | HMEET MECTO PaBeHCTBO

TOr/Ia pf Lo phm

12V70 41|, = 12V 4+ 1|, + [P ]Iy, = Bi + 1, noswomy pi** . pPr||2VPh + 1. Bribupas [ gocrarouno
OOJIBLITIM, MOXKHO JOOUTHCS, YTOOBI NP 4 1 > p'fﬁl ...pPm. Torma y umcria NP 4 1 CyTIECTBYeT
MPOCTOM JIETUTEND Pppi1, OTIAIHBINR OT Pi, ..., Pm. lOTIA

Npllpm—i-l | 2Npl1 +1 | 2Npl1pk+1 +1,

U MOXKHO B34t N' = N pllpmH. Tem caMBIM WHTYKITMOHHBIT TEPEXOT TOKA3AH.

69. Ilyctp N — HaTypaJabHOE YHCTIO, 3aKaHIUBaoIIeecs Ha 25, a m — TPOU3BOJIbHOE HATYpPaJIbHOE
quc/10. JlokaxKure, 9T0 CyIIECTBYET TaAKOe HATYPAJAbHOE N, YTO y M HOCJIeAHUX IUdP B 3aIUCU YUCE/T
N u 5" coBnasatoT 4eTHOCTH, 2 ¥ (m + 1)-bIX 1udp Y€THOCTH DA3IHIHBI.

Pemtenne. Bynem Bectu okasare/ibeTBO HHAYKIUE o m. /Iing m = 1 u 2 yrBepzKaeHne 04eBu IHO.
st npoBeJieHUs Tara WHAYKIUU JIOCTATOYHO TOKA3aTh, 4TO MPU N > m > 2 mpaBbie m 1udp
y uncen 5" u 2 COBNAJIAIOT MO YeTHOCTH, HO (m + 1)-e mudpbl UMEIOT Pa3sHYH) YeTHOCTb.
ITpumenss LTE-3, mveem [|527 " — 1| = [|5 — 1f|2 4 [|2772||2 = 2+ (m — 2) = m. 3nauut, pasHocrs
572" _ 5" jnenures na 10™, 1o ne genurcs Ha 2 - 10™. Tem cambIM yTBep2K/JI€HUE JJOKA3AHO.

70. [Iycth p — mpocToe 9ucao u a, n — HaTypadbHble uncaa. Jlokaxkure, ato ecom 2P + 37 = a”, 10
n=1.

Pemenune. [Ipu p = 2 yrsepxaenne ogeBugao. [lycrs p > 2 — meueTrHoe npocToe YucI0. 3aMeTuM,
aro roraa b | a. [Ipumenum LTE-2:

n < 12P+ 3]s = (12 + 3]s + Iplls < 2,
HpUYeM PaBEHCTBO MOXKET JIOCTUTaThCd JUIb npu p = 5. Ho upu p = 5 upgamoil npoBepkoil yoexia-
eMcd, 9To n = 1.
71. /lokazkure, 910 paszHoctb 3" — 2" He JeJIUTCs HA N HU JIjIsI KAKOT'O0 HATYPAJIbHOTO 1N.

Permtenue. [Ipeanosoxum nporusaoe: nyctb n | 3" — 2™, PaccMoTpuM HAWMEHbBIHA POCTOH JesH-
Tesib p guciaa n. Jcuo, aro p # 2, 3. Torma 3" = 2" (mod p) n a” = 1 (mod p), tae a = 3/2 (mod p).
O603uaunM depe3 T mOpsIoK 4uciaa a mo Moayao p. Torga mo manoit Teopeme @epma T | p— 1 u
T < p. C apyroii cropoust, T' | n. B pe3yibrare Mbl HANLIK JEJUTENb GUCIA 1, MEHBIIUIT P, TIOITOMY
T =1wu3=2 (mod p) — nporusopeune.

72. [lokaxute, uTo ecau 3" — 2" = p® 1719 HEKOTOPHIX HATYPAJBHBIX N, @ W MPOCTOTO P, TO TOTIa N
— TPOCTOE.

Pemenmne. [TpejinonoKumM, 410 n = ¢m, e ¢ — npocroii jgejauresns n. Torma 3™ — 2™ = pb juia
HEKOTOPOro 1ejioro neorpunareabnoro b. [Ipumensasa LTE-1, nmonyuaem:

a=[[(3")* = 2")l, = 13" = 2"[l, + llqll, = b,

OTKyJa TosydaeM, 9to 3™ — 2™ > pb = p% = (3™ — 2™)(...), 4T0 BO3MOKHO, TOJILKO ecau m = 1.

73. Jlokaxkure, 4TO CymecTByeT OECKOHEYHO MHOIO COCTABHBIX UUCEJ 7, TAKUX, YTO BBIIOJHEHO
crejytonee cBoiictso: ecim n | a™ — 1, To n? | @™ — 1 jjia J11060r0 HATYPANLHOTO a.

Pemenne. Bo-mepBeix, 3amMeTnM, 910 €CJIU N = P — MNPOCTOE, TO YKA3AHHOE CBOWCTBO BBHITIOTHEHO.
B camowm nene, u3 masoit reopembl Pepma carepyer, aro a? = a = 1 (mod p), mosromy no LTE-1
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nveeM ||a? —1||, = la— 1|, + ||p||, = 1+ 1 = 2. Teneps paccMOTpnM Takue HATYPAJIBHLIE 7, KOTOPBIE
COZIepZKAT KazK10€ IPOCTOE TUCIO B CBOEM PA3JIOKEHNH Ha IIPOCTHIE COMHOKATENH B crenenu 1. [lycrs
n = qk, toe ¢ — mpoctoe. [IpuMensas paccyzKIeHud, OMUCAHHBIE BbIIE, K 9HCTy b = a¥, momyuaenm,

uro ¢ | b — 1 = @™ — 1. Buauut, n? | a” — 1, uro u TpPeboOBAIOCH JIOKAZAT.

2" +1
74. Haitjjure Bce HarypaJjibubie n > 1, Takue, 4T0 4UCJI0 5 ABJIAETCS LEJIBIM.
n
Pemenne. Ilycts p — mamMmenbinuii npoctoii geauresnp quciaa n. Torga p > 3 u 2" = —1 (mod p).

[Toyuaem, uro 22" = 1 (mod p). O6o3Ha4nM depes T nops 10K ducaa 2 o moaymo p. Torna T | g—1
u T | 2n. Buauut, T < ¢ u noromy Jubo T = 1, mubo T = 2 (wHaue B T HailgeTCsS TPOCTOU JTEJTUTETH
n, menbiuii p). lpu T = 1 uosyuaem, uro 2 = 1 (mod p) — uporusopeuue. [osromy T'=2u 22 = 1
(mod p). Buauut, p = 3.

Teneps npumennm LTE-2:

L+ Infls = 12+ Ll + [Inlls = 112" + Llls > [n*[ls = 2|5,

OTKy/Ia cyefyer, 9o [|n||s = 1.

Ilycts n = 3m. Ecoiu m = 1, To n = 3 — orBeT. B npoTuBHOM ciiy4dae m > 3 — HEYeTHO, U MyCTh
q — HamMeHBINHil mpocToil meamrens m. Torma g > 3. IToaygaem: 2°™ = —1 (mod ¢) n 2™ = 1 (mod
q). Ilyets t — mopsiiok ABoiiku mo Moayao q. Tornat | g—1u t | 6m. Ho t < ¢, nosromy (t,m) = 1,
suauut, ¢ | 6. Ecim ¢t = 3, ro 2™ = 1 (mod ¢) — uporusopeuue. Ilpu t = 1 nosyqaem, uro 2 = 1
(mod ¢) — nporusopeune. Eciu ¢t = 2, o 22 =1 (mod ¢q) u ¢ = 3 — nporusopeune. Suauur, t = 6.
Torna 26 =1 (mod ¢) u g = 7.

[Mostyaaem, ato 7 | 2" + 1. OgHako, nepeGpas Bce OCTATKH N O MOILYJIO 6, JIerKo yOeuThest, 9To
9TO HEBO3MOXKHO. TakuM 00pa3oM, MBI TOJIYYaeM ITPOTUBOPEUNE.

OtBeT: n = 3.

75. [lycrs b, m, n — HarypajibHble Yucjaa, Takue, 410 b > 1 u m # n. Jlokaxkure, aro ecjau b™ — 1
u b" — 1 uMeroT o MHAKOBBIIT HAOOP NPOCTHIX JeuTe e, To b+ 1 gBjgercd cTenenbio ABONKY.

Pemienne. [lpexie Bcero 3amMerum, 4To, NMPUMEHss aJropuTMm EBKAWJA Jjisd cTeneHei, ycjioBue
MOZKHO Tlepernucarh Tak: amciaa b™ — 1 u b™™) — 1 nmeror ojnHAKOBBIE HAGOPHI IPOCTEIX JIEJIHTeIei].
Ianee, caenaem 3ameny (n,m) = d, m = dk, b® = a. Torma ycaoBue mepemumiercs B Takoe BHJe:
a® —1 1 a — 1 uMeroT onIHAKOBBIe HAGOPH! MTPOCTHIX JIeTHTEIeH.

3aMeTuM, UTO eCJIU MbI JOKaXKeM, 9TO a+ 1 SIBJIAeTCS CTeNeHbI0 IBOWKH, TO TOTIA YUCIO d JTOJIKHO
obiTh Hedernbim (uHade 4 4 b4 +1 = a + 1), mosromy b+ 1 | b7+ 1 =a+ 1 u b+ 1 tak:ke Gyuer
CTETIEHBIO JBOWKMN.

IIpennosoxKuM, 9T0 9UCIO k menutcd Ha HederHoe mpoctoe p u || k||, = 8. Torma y dncra X =

5
a’ —1 . 5 L
'y a— 1 Takzke OIMHAKOBBIE HAOOPHI IPOCTHIX jpenuteneit (T.k. a? —1 | a” —1). Ilycrs g | X

a—1
nq|la—1 Tormaa =1 (mod q) u X =p’ =0 (mod q). 3naunt, ¢ = p u X gBjigercs CTeNEHbIO
ancra p. o LTE-1 mveem || X |, = [|a*” — 1|, — [la — 1], = |p°], = 8 1 X = p’, aro meBosmozKmHO
npu a > 1.

Buaunt, ynciao k aBaserca crenenbo apoiikun. Ho Torma a’—1u a—1 UMeIT OMHAKOBbIE HabOPbI
IPOCTBIX JejuTeseif, a 3HAYUT, U @ + 1 ¥ a — 1 uMeroT oJUHAKOBBIe HAOOPHI IMPOCTBHIX JIeTHTe e,
Txk. (a—1,a+ 1) = 2 (310 yncga He MOTYT OBITH B3AUMHO MPOCTHI), TO @ + 1 ABJISETCS CTENEHBIO
nBoiikn. Kak MBI yrKe MOHSTH, OTCIONA CJIedyeT, 9To b+ 1 TakKe aBISeTCS CTENEeHbIO ABONKH, 9TO 1
TpPebOBaJIOCH JOKA3ATh.

76. Jlokaxkure, 4TO BCE YUCIA

10001, 100010001, 1000100010001,

30



Pazger 10. Pemrenns 3amaq

ABJIAIOTCA COCTaBHBIMU.

4(n+1) _
Pemenue. Heo6xXoamMo 10Ka3aTh, 4TO YUCIO @, = 1 + 10% + 10% + ... +10*" = % SIBJISIETCSI

coctaBabiM. [Ipu n = 0 umeem 10001 = 137 - 73. [dasee, scHo, 9t0 ecniu m + 1 | n+ 1, 10 a,, | a,.
ITosTom mocTaToOvHO 0Ka3aTh yTBepkKAeHHe pu n+1 = p — npoctoMm. B Takom caydae mo 3amade 43
umeeM @,(10%) = @,(10) - P4p(10), Te. uncmo P,(1—*) cocraBHoe, 9TO U TPEGOBATOCH TOKA3ATD.

77. Haiitu Bce Tpoiiku (p, z,y), COCTOSAIIHE U3 TPOCTOTO TUCIA P U IBYX HATYPAJBHBIX UHCET T U Y,
Taxux, 4T0 2P~ +y u x + yP ! aBaAIOTCA CTEIeHAMI YHCIA P.

Pemenune. [Iycts p = 2. Torna x4y = p* a8 HeKOTOPOro HATYPAIBLHOTO k, IO3TOMY T MOZKET OLIThH
IOOBIM HATYPAABHBIM YHCIOM, MeabimmM pF, a y = pF — z.

[Tycrs Teneps p > 2. 3amerum, uto T # y, unade x + 2P~ 1 = z(1 + 2P~2) ne MoxKeT GBITH TOUHOI
CTEIeHbIO, MOCKOJILKY MHOKUTeNH T M 1 + xP~2 p3aumuo 1pocthl. Kpome Toro, sfcho, 4ro p { x, y
(B IPOTUBHOM CJIydae CTelleHb BXOXKJEHHSI P B OJHO W3 CJIaraeMbIX MeHbIIe, 9YeM B Ipyroe). Byaem
cuurarh, 4yro x < y. Torma 2P~ +y = p® u = + y*~' = p°, upudyem a < b. Jomuoxas nepsoe
PaBEHCTBO HA X, BTOPOE Ha Y W BBIYUTasl WX, mojaydaeM, uro p*||y? — zP. dasee, no masoii Teopeme
®epma y? — 2P =y —ax = 0 (mod p), nosromy o LTE-1 a = ||y? — 2P||, = |ly — |, + [|p|l,, a 3raqwT,
Py — 2. Honoxum y — z = p*~q.

[Toacrapgas y = x + p* 'q B paBencrso 2P~ + y = p%, monyuaem 27! + 2 = p*(p — ¢), oTKyIA
x| p—q (rk. pt ). Haree, noacrapias y = p* — xP~1 B pasenctso x + yP~1 = p’, noayuaem:
O=a+ (p* —aP )Pt =24+ 20D =2 4+ 1 (mod p), orxyna = —1 (mod p).

Uroro ¢ omuoit croponwl, | p—quax < p—q < p-—1,ac apyroil, p | z+1ux+1=p.
Baaunt, t =p—1,¢g=1umy =p—1+p* ! Iloncraaasa 3o B papeHcTBO 2P~ + 4 = p?, moTydaeM
(p—1)P 1+ (p—1)+p*» ! =p* orkyma (p—1)P"2+1 = p* . [Ipumensas LTE-2 K 3ToMy paBeHCTBY,
mosydaeM a — 1 = [[(p — 1)P 2+ 1|, = |[(p— 1) + 1|, + |lp — 2|, = 1, orxyzna a = 2. Hakomuer, u3
pasencrsa (p — 1)P72 + 1 = p nosydaem, uro p = 3.

OTsert: (3;2;5), (3;5;2), (2;n;28F —n), rne 1 <n <28 — 1.

78. Ilycts m — HedeTHOe HATypaabHOE YHCIO, M > 3. HaiiTn HanMenblee HATypaJbHOE N, TAKOE,
aro 22019 | m™ — 1.

Pemtenne. 3amernm, aro ancia m — 1 uw m + 1 gernsr u umetor HOJI, paBHBIi 2, TOSTOMY yC/I0BHE
paBHOCHILHO ToMmy, uto 22020 | m?® — 1. Torma 4 | m? — 1, u mo LTE-3 nmeem 2020 < ||m?" — 1]|; =
|m? — 1|2 + |||z = a + ||n||2. 3uauut, ||n|z > 2020 — a. [Tosromy npu a < 2020 HAMMEHBIIEE TUCTO
n = 22920=¢ y npu a > 2020 MOKHO B3ATH N = 1.

Oteet: eciiu a = |[|[m? — 1|3, To n = 2202079 ypu @ < 2020 u n = 1 upu a > 2020.

79. JTokaxkuTe, 4TO CyIeCTBYeT GECKOHEYHO MHOIO HATYDPAIbHBIX 71, TAKUX, YTO BCE MPOCTHIE JIeJIH-
Tesn wucaa n? + n + 1 Menbine \/n.

Pemenmne. Byiem uckars n = 2F g noaxongamux k. 3aMeTnM, 4ro 110 3ajaa4e 43 mMeem

n’ 4 n+1=o32%) =[] 2a(2).
d|k

3d)

Hastee, u3 jjoKazarejbersa reopembl 3urmonu $3q(2) < 39639, Teneps Gyaem uckars k = p§t ... pom,

rje p; — HpoCThie, He paBHbIe 3. ByneM Temepb uckarh Takwe k, 9TO 306 < 23 npu Beex d |
k. B makom ciyuae KaxKbiii MHOKHTEH P34(2) Oyuer Menbiie ok/2 — \/N, & 3HAYUT, U MPOCTHIE
muOZKHUTE N unces Pzq(2) Toxe Oymyr menbmie /n. Jlag 5Toro mocrarodHO HaliTH Takue k, 4ro
o(d) < ck, e ¢ =5 -logg2 m d | k.

Bynem uckarb k B BHIE Dq ... P, L€ YUCTA P; — MOCTAEIOBATENBHBIE IPOCTBIE YUCIA, OOJIBIIHE
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c¢1. Torna npu d < k umeem ¢(d) < d < ck. Ecim xe d = k, To

Ho npu m — oo ganHOe npousBesieHne crpemurcs K 0 (T.K. o6paTHOe K HEMY — 4YacTHIHAS] CyMMa
rapMOHIYECKOTO psiJia, KOTOPBIH pacxoautesi). [loaToMy mpu A0CTaATOIHO GOJIBIIOM M OYIeT BBIIOJI-

k
HEeHO HepaBeHCTBO % < c. CrenoBaTebHo, B3aB N = 2F, MBI moIy4InM GeCKOHETHOe KOIMIEeCTBO

HCKOMBIX HATYPaAJbHBIX N, 9YTO U TPeOOBAJIOCH.
80. HaiiTi Bce HaTypaJbHBIe YUCIA N U P, TaKHe, 9TO p — Tpoctoe, n < 2punP~1 | (p — 1)" + 1.

Pemternne. Cunadana pasbepeM TpuBuajabHble ciaydan. Ecim n = 1, To p — y1060e NpocToe Yucio.
Ecim p = 2, to n = 2. Ecyiu p > 3, To n neverno. [losromy janee Oyiem cuurarh, 4to n = 3 —
HEYEeTHO U P = 3.

Obo3Haunm Yepe3 ¢ HAaMMEHBITHH TPOCTON AenuTe b Jucaa n. 'Toria

(p—1)"=-1 (modgq) uw (p—1)"=1 (mod q).

[Tycrs T — nopsinok wncaa p — 1 mo moaynto q. Torna T' | g — 1 w T | 2n. Tonyaaem, aro T < g,
nosromy (T'n) =1uT | 2. BEcmm T =1,170 -1 =p—1=1 (mod ¢) u ¢ = 2 — nporuBopeure.
[Mostomy T'=2u (p—1)> =1 (mod q). Brauur, m60 p—1 =1 (mod ¢), mbo p—1 = —1 (mod q).

B nepsom ciayuae nosmydaem, gro (p — 1)* = 1" = 1 = —1 (mod ¢) — nporuBopeune. 3Hauur,
p—1=—1(modgq)up=q.

Hastee, u3 yeaoud n < 2p nojaydaem, 9to n = p (T.K. n HeueTHo). 3madnt, (p — 1)P + 1ipP~1.
IIpumenum LTE-2:

I(p =1+ 1, = [l = 1) + 1, + lIpll, = 2.

C apyroii croponsr, |[(p — 1)P 4+ 1|, > p — 1. Bnaunr, 2 > p — 1 u p < 3. OKOHYATETHHO IOy IAEM,
910 p =n = 3.
OtBeT: n = 1, p — Jq0boe npocroe; n =p=2;n=p = 3.

81. [lns kaxk0r0 HATYpaabHOro k obosnaunm vepes C'(k) cyMMy BCeX HPOCTBIX PA3JHYHBIX JIEJIHTe-
neit wncaa k. Hanpumep C(1) =0, C(2) = 2, C'(45) = 8. HaiinuTe Bce HaTypaabHbIe N I KOTOPBIX
C(2"+1) =C(n).

Pemenne. IIpexe Bcero 3amerum, 4ro eciau p > 3 — npocroe, 1o y uducja 2P + 1 Bce upocrbie
nesresu Gosibine p. B camom geste, nycrs 2P = —1 (mod ¢), rae g npocroe. Torna 22 = 1 (mod q),
MO3TOMY TIOKa3aTeJsib 2 10 MOAY/II0 ¢ paBeH 2 wian 2p. B nepBom ciydae mosydaem, 910 ¢ = 3, a BO
BTOPOM — 4TO q > 2p > p. Temnepb paccCMOTpHM JIBa CJIydad.

[IycTh n HEYEeTHO U Py < ... < pp — BCE ero MPOCTHIe JeJTUTETH, YIOPSTOUeHHBIE IT0 BO3PACTAHUIO.
Torma o TeopeMe SUTMOHIN ¥ KazKI0TO U3 Yuces 2P +1 ecTh MpOCTOil JETUTETD ¢;, KOTOPBIA OTIHMYCeH
or 2! 4+ 1 = 3 m xKoroporo Her y umcen 2P + 1 mpn pj < pi. SHAUUT, KazkJoe duco 2P 4 1 mopoxgaer
POCTOii JAeTUTeNb ¢; > p;, €CAH TOJABKO p; # 3. Ocranoch 3ameTutsb, uro 2P + 1 | 2" + 1, mosromy
eciu n # 3, To C(2" + 1) > C(n). Tak uro n = 3 — eAUHCTBEHHBIH OTBET P HEYETHOM 1.

Teneps mycTh n 4eTHO. fICHO, 9TO Y YHUCTA N JAOJKEH OBITH XOTS OBl OJUH HEYETHBIH MPOCTOM
nenutenb. O6o3HaunM depes 2 < py < ... < Py BCe ero mpocThle meauTend. Jatee, momoxum a = 22°
U IpUMEHuM TeopeMy 3urmonan K umuciaam aP’ 4+ 1. Torga y gucaa aP + 1 ectb mpocToit genuresnb
¢i, Koroporo Her y Bcex aP? + 1 npu p; < p;, a TakzKe 9TOro jenrend Her y yucia a + 1. JToxkaxem,
410 ¢; > p; + 2. B camom gene, a® = 1 (mod ¢;). ITokasaTe/p 4uc/ia a MO MOJYIIO ¢ He MOZKET
ObITH paBeH 1 (T.K. TOrJa ¢; = 2, YTO HEBO3MOXKHO), 2 (T.K. B MPOTHBHOM ciaydae a = —1 (mod ¢;)
M ¢ | a+ 1, 9T0 TakkKe HEBO3MOXKHO) U p;. SHAYWUT, OH PaBeH 2p; U ¢; > 2p; > p; + 2. [lockoabKy
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aPitl | 2" +1, 1o y uncia 2"+ 1 ects (k — 1) npocroii genurens go, - . ., Gy, IPUYEM UX cyMMa GOJIbIIe
CYMMBI Do + . .. + p + 2. Buauanr, C'(2" + 1) > C(n), u B ciiydae 9eTHOTO N. PEIIEHU HET.
OtBeT: n = 3.

n n—1
82. IlycTh n — mpou3BoJbHOE HaTypaJsbHoe unciao. Jokazxkure, uyto y uyncaa 22" + 22" 4+ 1 ecTb He
MeHee 2" HaTypaJIbHBIX JeJuTenei.

n n—1
Pemenne. JoctaTodno 10Ka3aTh, uTo y unucaa 22 + 22" + 1 ecTb X0Ta GBI 1 Pa3IMYIHBIX TPOCTHIX
Jesureseil (He 00s13aTeIbHO PA3IUIHBIX ). 3aMETUM, 9TO

227L _l_ 22n71 + 1 _ @3(22n71) _ @32n71(2> = H ¢3d(2)7
djan-1

npuaem |P34(2)| > 1 npu Beex HaTypasabubix d. Takum 00pa3oM, MbI IIPEICTABUIHA 9UCI0 22" 422" 4]
B BHJIE TPOM3BEACHUSA N IEJBIX MHOXKHUTEeH, 6oabmmx 1 mo Moaymo. B3das B KaxKa0M MHOKUTEE
IIPOCTOIi JIeTUTEb, KOTOPOrO HET y HPEeJbIIYIUX MHOKATENeH (9T0 BO3MOKHO 10 TeopeMe 3HIMOH-
Jii), moJydaeM Tpebyemoe.

83. Haiiiure Bce HaTypaJibHbIe k TaKue, 9TO HPOU3BEICHUE MEPBLIX Ak MPOCTHIX YHCEN, YMEHbIICHHOEe
Ha 1, sIBJIsIeTCsl TOYHOM CTENeHblo HATYPAJIbHOrO Yucyia (Gosibiieil, dem nepsas).

Pemenmne. [lycts p; ... pr = a”+ 1. llpu a = 1 monyvyaem k = 1. [Iycts Teneps a > 1 u k > 1. Torna
a > pg, TOCKOJBKY B MPOTHBHOM CJIy4ae HalieTcs p; | a U mpaBas 9acThb HE MOMKET OBITh KPATHA P;.
[Tycrb Tenmepb g | n — HEKOTOPBIA MpocToit mesnutenab. Torga ¢ > 2, T.K. a®? + 1 me MOXKeT JIeJUThCS
Ha po = 3. Hokaxkem, 4T0o ¢ > pi. B camom jsesie, B mpoTuBHOM cjydae 1o Masioit Teopeme Pepma
0= (a7 +1=a""+1 (mod q) u o LTE-2 nveem

L=l g pellg = lla" + 1lg = ™ + 1|y + llallq = 2,
YTO HEBO3MOKHO. SHAYUT, § > Py U N > Pi, OTKYIA
av+1>pF>propg

— IPOTHUBOpEYHE.
OTser: k£ = 1.

84. Jlano narypajabsnoe k > 1. lokazkure, 9TO cymecTByeT 6€CKOHETHO MHOI'O HATYPAJIbHBIX 77 TAKHUX,
aro n | 1"+ 2" 4+ 3" + ...+ k™.

Pemenne. B ciayuae gernoro k momoxum n = (k+ 1)%. Torma ecaun p | n — npom3BOJIbHBINR MTPOCTOl
jgeauresb, 1o 10 LTE-2 numeem

la" + (K +1—=a)"[l, = la+ (k+1=a)ll, + [Inll, > [n[l, + 1,

TaK 49TO JeJIMMOCTDHb BbIIIOJIHCHA.
B cayuae mewernoro k nonoxkum n = k% Torga eciu p | n — NpOU3BOABHBIN TPOCTON MEJIUTED,
to o LTE-2 nmeem

la® + (k= a)"[lp = lla + (k = a)ll, + [Inll, = l[nll, + 1,

TaK 9TO JeJINMOCTDHb TaKzKe BLIIIOJTHEHA.

85. /lokaxkuTe, 4TO MOCAEI0BATEIHHOCTD a4, = 3" — 2" He CONEPKUT TPEX MOCIET0BATETHHBIX YJICHOB
reoMeTPUYIeCKO#l IPOrPeCcCu.
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Pemenne. /IocTaToOuHO TPUMEHATE TeOpeMy SHIMOHAN K uncay 37 ! — 27 i sametnTn, uTo y Hero
eCcTh ITPOCTOM JeJIUTEb, KOTOPOTo HeT y 4ucaa 3" — 2" a 3Ha4YUT, PABEHCTBO

(3n . 2n)2 — (3n—1 . 2n—1)<3n+1 o 2n+1>

HEeBO3MO2KHO.

86. /lokaxkute, 9T0 ypaBHeHUe " + y" = p" He WMeeT HATYPAJIbHBIX PElleHuil Ipru N > 3 U TPOCTOM
p.
Pemenne. Eciin n uMeeT He9eTHBIN TPOCTOM IeTUTEND ¢, TO JOCTATOYHO TOKA3aTh, 9YTO Y YPABHEHUS
a? + b? = p" Her HATYpAJbHBIX pemennil. [ls sToro 3ameTnm, 9To p | @ + b U mpUMEHEM TeopeMmy
Surmonu K aucay al—+b?. moaydaeMm, 9T0 y 9TOr0 YHCIA JOJKEH ObITh IPOCTOMH JIeIUTE/Ib, OTJIMIHbII
OT p, YTO HEBO3MOYKHO.

Ecin ke n = 28 u k > 2, To, Bo-IePBBIX, £ U Y B3aUMHO IIPOCTBI, & BO-BTOPBIX, OJHO H3 YHCET T
W JTOJIZKHO OBITH 9eTHBIM. 1lyerh y = 223 nomoxkuM 22— =a u 22" 22" = b. Torma

p* = at + 4b* = (a® — 2ab + 2b%)(a® + 2ab + 20°).
Buauut, 06e ckoOKu — 310 crenend p. Ho Torjga ux pasHoctb, pasHas 4ab, kKpatha p. T.k. p t ab,
nosydaeM, 9to p = 2. Ho Torma z" + y" > 2" — npoTuBopeune.

4
87. Joxazkure, 4TO JI/1d J11000T0 IIPOCTOTO P MHOTOWIEH 2° + 1 NPUBOIUM HaJ, HOTIeM Zy.

Pemenune. Eciau p = 1, To BozbMem n = 1. Eciiu p = 1 (mod 8), To pacemMorpum nepsooGpasHblii
KOPeHb ¢ 110 Moaymio p u momoxum n = ¢gP~ /8 Torma 2 —n | 24 4+ 1. Ecim xe p # 1 (mod 8),
TO, KaK u3BecTHO, 8 | p? — 1, nosromy B moste F2 econ snement nopsiaxa 8 coracuo 3agaue 50. C
JIPYyroil CTOPOHBI, TAKOTO 3/IeMeHTA HeT B 1oJIe Z;,. JHAYUT, MUHIMAJIbHBII MHOTOYJIEH 3TOTO 3JIeMeHTa
KBaJIpaTHYeH U II0TOMY dBJISeTCs HeTPUBHAIbHBIM JiesiuresieM MHorownena Pg(r) = 2t + 1.
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